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Abstract

In this paper, a synchronization problem of a three-dimensional (3-D) Coullete
chaotic system using the active- and adaptive-based synchronization control
techniques is addressed. Based on the Routh-Hurwitz criterion and using the active
control algorithm, a single control function is considered and a computational study
is performed to identify the correct balance between the converging rates of the
synchronization error signals to the origin and magnitude of the linear controlling
parameters (LCPs) for the globally exponential synchronization (GES) between two
identical 3-D Coullete chaotic systems. In order to achieve the complete
synchronization (CS) objective with unknown model uncertainties, external
disturbances, and unknown time-varying parameters, a novel nonlinear adaptive
synchronous controller is proposed and suitable adaptive laws of time-varying
parameters are designed that accomplish the asymptotic synchronization between
two identical uncertain 3-D Coullete chaotic systems. The two synchronizing
controlling approaches are applied to investigate the CS phenomenon, and the
results are compared. Open research problems are also discussed. All simulations
results are carried out to validate the effectiveness of the proposed synchronization
control approaches by using Mathematica 10.0.

Keywords: Chaos synchronization, Active control, Adaptive control, Routh-Hurwitz
criterion, Lyapunov stability theory

Introduction

Chaos synchronization can be considered as the simplest types of cooperation between
chaotic systems. This cooperation can be induced by coupling or an external force.
Through a weak coupling of the chaotic systems, the difference in behaviors of the two
coupled chaotic systems under different initial conditions goes to zero when time tends
to infinity. This idea of chaos synchronization was first introduced in [1]. After the
remarkable work [1], chaos synchronization has been widely investigated in the
relevant literature [2—-4]. At present, chaos synchronization has received increasing
interest in many scientific disciplines, such as chemical processes and biological
systems [5], cryptosystem [6], information processing [7], secure communications [8],
and many physical systems [9]. As a result, a variety of control methods and techniques
have been developed to study the chaos synchronization. These include the adaptive con-
trol strategy [9], projective synchronization [10], sliding mode control [11], nonlinear
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control techniques [12], and active control method [13], which are well-known
synchronization control techniques among others. Among these techniques, the active
control (AC) and adaptive synchronization control (ASC) strategies have attracted a great
interest in the literature concerned because of their easy implementation to practical sys-
tems [14—22]. The AC method for the chaos synchronization was first proposed in [17]
based on the active control theory [23] and further studied by many researchers [24—26]
among others. The AC strategy can be easily designed according to the given conditions
of coupled chaotic (or hyperchaotic) systems to achieve the chaotic synchronization glo-
bally exponentially. The AC technique for chaos synchronization is used when the nonlin-
earity and parameters of the coupled chaotic systems are known [17] (Additional file 1).

In practical applications, some or all of the system’s parameters are not known in
advance. These parameters change from time to time [27]. Therefore, to tackle the
analytical and computational stability complications produced by the parameter
uncertainties, the ASC approach is used. The ASC strategy is based on the Lyapunov
stability theory [28] and yields the asymptotic tracking of the closed-loop system with
all remaining signals bounded in the presence of the system uncertainties [27, 28].

Past studies of the chaos synchronization using AC strategy [13-17, 24-26] have
more concentrated on the fast convergence rates of the synchronization error signals.
For this purpose, the closed-loop stability for the CS is established by using huge con-
trol functions. This demands an extra effort on the controller design. Furthermore, it
creates two important issues in the synchronization process [27]. Firstly, these control
functions are responsible for the ineffective use of energy due to the creation of large
amplitude oscillation of the synchronized error signals. This may give birth to signal
saturations, thus resulting in the loss of synchronization stability completely. Secondly,
by just placing the poles of the linearized error system to the left half of the complex,
many possible choices are available for the construction of linear controller parameters
(LCPs). With this hypothesis, the message signal could be easily extracted from the
communications channel during the transmission because of any possible choice of the
LCPs [4]. This may lead to security problems. Moreover, there is no precise balance
between the converging rates of the synchronized error signals to the origin and
magnitude of the LCPs. Similarly, it has also been established from past studies
[13-17, 24-26] that the feedback control inputs must be applied to all states of
the error system. This places extra burdens on the controller design and complicating the
AC strategy for the chaotic synchronization. Nevertheless, chaos synchronization with
lower control signals and the correct balance between the converging rates of the
synchronization error signals to the origin and magnitude of the LCPs for the GES bear
great importance in practical applications and have received little attention in the
literature concerned.

From the literature survey, it has also been established that while using the ASC
approaches [18-22] (among others), the feedback control functions for the CS of two
coupled chaotic (or hyperchaotic) systems have been developed so that the amplitude
of the oscillation of the error signals and the synchronization transient time are large.
However, the variations in amplitude of the oscillation of the error signals cannot be
evaded during the transmission of a chaotic signal, which actually determines the
amount of energy to transmit the chaotic signals from transmitter to receiver. Likewise,
the time response is an important feature in real-time applications such as
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communication networks as they depend on the time synchronization between differ-
ent nodes [29]. Furthermore, in [18-22], the unknown parameters are assumed to be
constant and the chaotic systems are considered free of the unknown model uncertain-
ties and external disturbances. These perturbations are not integrated into the system
dynamics altogether due to the analytical and computational stability complications. In
the presence of these perturbations, the closed-loop for chaos synchronization may lose
the synchronization stability completely.

In spite of various efforts in the study of CS, a considerable attention is still required,
especially in five cases: (i) low synchronization controller cost, (ii) to determine a cor-
rect balance between the converging rates of the synchronization error signals to the
origin and magnitude of the LCPs, (iii) the quick response of the controller to converge
the synchronization error signals to the origin as soon as possible, (iv) to suppress the
amplitude of the synchronized error signals, and (v) when the uncertain parameters are
time-varying instead of real constant.

In view of the aforesaid issues, the main aim of this paper is to design such feedback
controller functions that will improve the performance of AC and ASC strategies for
the CS of chaotic (or hyperchaotic) systems. Based on the Routh-Hurwitz criterion [23]
and using the AC strategy, a single control function is proposed and a computational
study has been performed to identify the correct balance between the converging rates
of the synchronization error signals to the origin and magnitude of the LCPs so that
they establish the GES between two identical Coullete chaotic systems [30] under the
determined parameters. Since it is obvious that the active controller is based on lin-
earizing the error system, it is highly sensitive to any change in the parameters of the
system, unknown model uncertainties, and external disturbances. Therefore, to tackle
the analytical and computational stability complications produced by different types
of perturbations, a novel nonlinear controller function is constructed and suitable
adaptive laws of time-varying parameters are developed, respectively to accomplish
the robust synchronization between two identical Coullete chaotic systems in the
presence of unknown model uncertainties and external disturbances. All the time-
varying parameters with different numerical values are identified accurately. The
closed-loop is stabilized at the origin with faster synchronization speed.

As compared to the past published works in the relevant literature, the main
contributions of this study include the following: (i) identification of the correct balance
between the magnitude of the LCPs and the converging rates of the synchronized error
signals to the origin, (ii) computation of the suitable position for the LCPs in the
complex plane for the GES, (iii) less control effort and faster synchronization speed,
(iv) low amplitude of the oscillation of the error signals, and (v) designing of a novel
adaptive robust CS controller in the presence of unknown model uncertainties, external
disturbances, and unknown time-varying parameters. In terms of the synchronization
speed, rates, quality, and cost of the synchronization controller, a comparative study
has been performed between the present study in this paper with the previous results
in [16, 27, 30] to validate the performance of the proposed AC and ASC algorithm
approaches.

Since the 3-D Coullete chaotic system represents a nonlinear circuit, demonstrating
chaotic behavior, it is capable of synchronizing chaotic communications and suitable

for transmission of digital signals with minimum synchronization error in practical
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applications. The proposed algorithm approaches can be successfully applied to two
coupled Coullete chaotic systems for cryptosystem [6], information and image
processing [7], and secure communications [8] under different circumstances, where the
security of the synchronization process is of top priority.

The rest of the paper is organized as follows: In the “Complete Synchronization”
section, a description of the Coullete chaotic system is presented and the problem
statements for the CS with known and unknown parameters are formulated. In the
“Solution” section, solutions to the synchronization problem of the two identical Coullete
chaotic systems using the AC and ASC strategies are presented. Finally, the concluding
remarks are given in the “Conclusions” section, with some future research works.

Complete Synchronization

Model of the Coullete Chaotic System

The heterogeneous chaotic circuits are one of the natural systems, and it can be-
characterized by a variety of equations [31]. The chaotic attractors exhibited by
heterogeneous systems have received considerable attention of the researchers theor-
etically as well as experimentally [16, 32]. The 3-D Coullete chaotic system is one of
the heterogeneous systems, which realizes chaos and shows very rich and complex
dynamic behavior and can be useful for secure communications [31]. The Coullete
chaotic system [30] contains a single cubic term and three positive parameters. The
vector form of the Coullete chaotic system [30] is given as follows:

x(t) 0 1 o0 x(¢) 0
50 | ={0 o 1 |[x0)+( o 1)
z(t) a -b -/ \z(t) x3(2)

where [x(2), y(2), z(2)] € R? are the state variables and 4, b, and ¢ are the positive
parameters of the system (1). The Coullete system (1) exhibits a chaotic attractor for
the parameter values @ = 5.5, b =3.5, and ¢ =1 with initial condition x(¢) = 0.145, y(¢) =
0.625, and z(¢) = 0.925, as shown in Fig. 1a, while Fig. 1b shows the time history of the
state variables of the Coullete chaotic system (1).

Fig. 1 a 3-D attractor of the Coullete chaotic system in XYZ space. b Time history of the state variables of
Coullete chaotic system
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Problem Statements

Synchronization Between Two Identical Coullete Chaotic Systems Using Active Control
Strategy

This subsection presents the problem formulation for the CS of two identical Coullete
chaotic systems (1). For this purpose, we consider two Coullete chaotic systems, where
the master Coullete chaotic system with three state variables denoted by the subscript
1 drives the slave Coullete chaotic system with a feedback controller having identical
equations denoted by the subscript 2. However, the initial condition of the master
Coullete system is different from that of the slave Coullete system. The two coupled
identical Coullete chaotic systems are described in a master-slave system

synchronization as follows:

(Master system)

x1(¢) 0 1 o0 x1(t) 0

n@ | ={0 0 1 () |- 0

21(1’) a -b -c Zl(t) x?(t)

(Slave system) (2)
9.62(1') 0 1 0 xz(t) 0 Ltl(t)

o =0 0 1 |{no]-[ o |+|wo

Zz(t) a -b - Z2(t) xg(t) Ltg(t)

where [x,(2), y1(8), z1(£)]" € R* and [x,(2), y,(2), 2,(t)]T € R? are the states variables; a, b,
and ¢ are the parameters of the master and slave systems (2), respectively; and (f)
=10, 0, u3(£)]” is the feedback controller vector.

Robust Synchronization Between Two Identical Coullete Chaotic Systems with Unknown
Time-Varying Parameters

In this subsection, the problem statement for the robust synchronization of two
identical uncertain Coullete chaotic systems with unknown time-varying parameters,
unknown model uncertainties, and unknown external disturbances is given. Thus, the
adaptive synchronization for the two nearly identical Coullete chaotic systems coupled
in a master-slave system is formulated as follows:

(Master system)

x1(¢) 0 1 o0 x1(t) 0 f1(x1(2)) D ()
7@ |=10 0 1 y(t) |- 0 + | f201(2) | + | Daft)
z1(2) a -b -c) \zl(t) x3(t) f3(zi(2) Ds(t)
(Slave system)
d-Cz(t) 0 1 0 xz(t) 0 gl (xz(t))
w() | =1 O 0 1 %) -1 0 |+ | &0n®)
25(t) ai(t) -bi(t) -c(t)) \=z() x5(t) g3(2a(2))
di(¢) uy(t)
+ dz(t) + Ltz(t)
ds(t) u3(2)

(3)

where [x,(2), y1(2), 21T eR® and [x,(0), Yo(2), 25(£)]T € R® are the states variables of the
master and slave systems (3), respectively; a, b, and ¢ are the known parameters of the
master system in (3); and a,(¢), b1(£), and c¢;(¢) are the unknown time-varying parame-
ters of the slave system in (3), which needs to be estimated. f(.) and g(.) for i=1, 2, 3
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are the unknown model uncertainties and D,(.) and d,(.) for i=1, 2, 3 are the
unknown external disturbances present in the master and slave systems (3), respectively;

and u(2) = [u1(8), u(2), u3(8)]” is the feedback controller vector.

Solution
Solution to Problem 2.2.1
The matrix of error system for the synchronization between two nearly identical Coul-

lete chaotic systems (2) is given as follows:

()8 D) Gt ) (1)
s =0 o 1][ew]|+ 0 | o (@)
é3(t) a -b —c/ \est) x3(t)-x3(t) us(t)

where e;(£) = x5(£) — x1(£), ex(t) = y2(£) — y1(£), and e3(£) = z5(¢) — z1(f) are the synchronization
errors.
Theorem 1. If the control input vector is designed such that

U (t) 0 V1 (t)
w(t) | = 0 - »2(2) (5)
u3(2) x5(t)-x3(2) v3(t)

where the sub-controller matrix v(t) in Eq. (5) :

vi(2) kin ki ki3 [el(?)
(vz(t)) = (kzl kaa kzs) (@(@) ()
v3(2) k31 ks ka3 ) \ es(?)

where ki, [i, j=1, 2, 3] is an LCP matrix, and then, the two coupled chaotic systems (2)
are globally exponentially synchronized.
Proof of Theorem 1. Substituting Egs. (5) and (6) into Eq. (4) gives

él(t) 0 1 0 /(11 k12 k13 el(t
(éz(t) ) = ( (0 0 1 ) — (/(21 koy ko3 ) ) (ez(t) ) . (7)
ég(t) a -b -c /(31 k32 k33 eg(t)

Since u;(t) = u,(t) = 0, therefore, v;(£) = v5(t) = 0 and Eq. (7) becomes

é(t) 01 0 0 0 0 e1(£)
&) |=[o o 1]-lo o o ey (t)
) (s 2 )
0
0

1 0 el(t)
= 0 1 ez(t) .
(ﬂ—km —(b+ k3z) —(C+k33)) (eB(f))

(8)
Note that the obtained linearized error system (8) is in the form of é(¢) = Ae(t),
where
0 1 0
A= o0 0 1 . (9)
d—kgl —(b+k32) —(C+k33)

Thus, the remaining problem is that the LCPs k3j, k3o, and k33 are chosen such that
the real parts of all eigenvalues of the matrix A € R**? in (9) are negative with suitable

Page 6 of 17
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positions of the LCPs in a complex plane, with fast and smooth convergence of the
synchronization error signals. In these circumstances (9), if the LCPs satisfy the follow-

ing condition:
k31 > a, k3520 and k3 >k33 >0, (10)

then, by the Routh-Hurwitz criterion and Lyapunov stability theory, the closed-loop
system (8) is globally exponentially stable. Therefore, the two coupled chaotic systems
(2) are globally exponentially synchronized.

Remark 2. In the following subsection, this study finds numerically the correct balance
between the convergence rates of the synchromization error signals to the origin and
magnitude of the suitable LCPs.

Numerical Simulation Results and Discussion

The parameters of the Coullete chaotic system (1) are set as a =5.5, b=3.5, and c=1,
while the initial values of the state vectors are taken as x1(0) = 0.145, y,(0) = 0.625, z,(0)
=0.925 and x,(0) = 0.945, y,(0) =0.032, z,(0) =0.112, respectively. The corresponding
numerical results are given as follows.

Case 1: From matrix A in Eq. (9) and the condition (10), it has been observed that
the stability of the closed-loop system (8) depends on the magnitude of the LCP ks,
and the magnitude of k3; depends on the magnitude of the LCPs k3, and ks3. Therefore,
let us fix k3 = k33 = 3 and optimize k3;.

If k31 =5.5, then, the poles of the linearized error system (8) are {—1+ 1.87083 i, 0}.
One can notice that one of the eigenvalues is positive. Hence, the closed-loop system
(8) is unstable, which is also confirmed from Fig. 2a.

For k3;=5.6, 6, 9, 15, 25, 31, and 31.49, the closed-loop system (8) is globally
exponentially stable with the following corresponding poles: {-1.99 +1.59i, -
0.015}, {-1.96 + 1.58i, -0.08}, {-1.5+1.12i, -1}, {-0.56 +1.73i, - 2.88}, {-0.162 *
2.298i, - 3.68}, {—0.01 + 2.53i, — 3.98} and {-0.02 + 2.58i, — 4.04}, respectively, which can
be confirmed from Fig. 2b—f.

If k31 = 31.5, then, the poles of the linearized error system (8) are {1.387 x 10™° +
2.55i, — 4}. Hence, the closed-loop system (8) is unstable, which is also confirmed from
Fig. 2g.

Thus, for 5.5 < k31 < 31.5, the closed-loop system (8) is globally exponentially stable
and the perfect synchronization behavior is achieved at k3; =9 after ¢~ 3 s, with under-
damped oscillation as shown in Fig. 2c.

Case 2: Let us fix k3 = k33 = 1 and optimize k3;. Then, from the numerical study simi-
lar as above, it is observed that the closed-loop system (8) is globally exponentially
stable at 5.5 < k3; < 14.5 and the perfect synchronization behavior is achieved at k3; =8
after ¢ =~ 6 s, with underdamped oscillation as shown in Fig. 3.

Comparative Study

The developed active synchronization controller approach has advantages over the past
studies in [16] in terms of the control effort, synchronization transient speed, and
suitable position of the LCPs in a complex plane for the GES. For example, in terms of
the control effort, only one input feedback controller (5) is utilized to accomplish the
GES, while in [16], three control functions are designed. Similarly, in this study, the
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Fig. 2 Time series of the error signals when a k3; =55, b k31 =6, ¢ ks;=9,d k3; =15, e k31 =25, f k31 =31.49,
and g k3; =315
A\

synchronization speed is 3 s (Fig. 2c), whereas in [15], the synchronization speed is
5 s. Thus, the time difference is 2 s. Furthermore, the proposed AC approach (5)
also identifies the correct balance between the converging rates of the
synchronization error signals to the origin and magnitude of the LCPs for a fast and
smooth synchronization.

The proposed AC function (5) contains a partially nonlinear term and a feedback
term. The present study does not only improve the synchronization speed and quality
but also decreases the number of feedback controllers. This considerably reduces the
amount of energy for the chaos synchronization and establishes the GES. These
features give advantages of the current study over the past published works in the

literature concerned.
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Fig. 3 Time series of the error signals when k3; =8

Solution to Problem 2.2.2
The matrix of the error system for the adaptive robust synchronization between two

nearly identical Coullete chaotic systems (3) is given as follows:

él(t) 0 1 0 61(!‘,‘) 0 0 0 el(t)
(éz(t)> = (0 0 1 ) (ez(t)) + ( 0 0 0) (ez(t)>
és(¢) a -b -c es(t) —x1(t)x2(£)- (x2(£) + 43()) 0 0 es(t)

(t)
xa(£) 81 (%2(2))~f 1 (x1(2)) u1(£)
,(2) 2,0,@) 200 (@) | + | ua(2)
22(2) 83(22())~f3(z1(2)) uz(t)

where e(t) = xy(£) — x1(2), ex(2) = y2(£) — y1(£) and e3(£) = z5(£) — z,(¢) are the synchronization
errors and e,(t) =a - a (t), ep(t) =b - b,(£), and e.(t) =c - ci(t) are the estimation
of unknown time-varying parameters. Note that é,(t) = —ay(t), é,(t) = -by(t),
and é.(t) = —-¢1(t). The adaptive synchronization of two coupled chaotic systems
(3) is accomplished in the sense that:

lim|le;(¢)]| =0, i=1, 2, 3, (12)
and the unknown time-varying parameters are estimated from the system parameters

in the sense that:

lim|e,(¢)| = lim|a-a;(t)| =0, lim|ey(¢)| = lim|b-b;1(¢)| and limle.(¢)|

oo

= lim|c—¢1(¢)| = 0.

(13)

Assumption 1 [33]. It is assumed that the unknown model uncertainties and external
disturbances are bounded. Therefore, there exist unknown positive constants A" and A}

such that
[f(.)|<A” and |g,(.)|<4;, for i=1, 2, 3.
lg:()-f:(.)|<B;, for i=1, 2,3, (14)

where f3; is any unknown positive constant such that 5; = A]" 4+ A%
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Assumption 2 [34]. Let Bc R" be a bounded region containing the whole attractor of
the chaotic (or hyperchaotic) system, such that no signal of the chaotic (or hyperchaotic)
system ever leaves it. Then, there exist positive constants B, € R, B,€R and B,€R, such
that

|%(¢)|<Bx, [y(t)[<By, and |z(t)|<B.. (15)

Theorem 2. If the control input u,t), i =1, 2, 3, in (3) is designed such that

u (£) —ki(exp(-nlei(t)])) 0 0 ex(t)
w(t) | = 0 —ka(exp(-nle2(8))) 0 es(t)
us(t) 22(t) + 23(2) 0 —k3(exp(-nles(t)])) / \es(t)

x
Bysgn(en(£))
Basgn(es(t))
Bssgn(es(t))

(16)
and the unknown time-varying parameters a(t), bi(t) and c,(t) are estimated by the

Sollowing adaptation laws:

ai(t) = —xa(t)es(t), Bl(t) = y,(t)es(t), and ¢1(¢) = z2(t)es(2). (17)

where 1 is any positive constant; exp and sgn, respectively, denote the exponential and

signum functions; and 12,', for i =1, 2, 3 is the estimated LCB which is updated ac-
cording to the following adaptation algorithm:

ki(t) = ~p(exp(-ples(t)]))eX(t), ki(0) =0, for i=1,2, 3, (18)

where p is any positive real constant determining the adaptation process. Then, the two
coupled chaotic systems (3) are asymptotically synchronized.
Proof of Theorem 2. Substituting Eq. (16) into Eq. (11) gives

éi(t) ~ki(exp(-nlea()) 1 0 ei()

&(t) | = 0 —ka(exp(-7le2(t)])) 1 e(?)

és(t) a -b —c—ks3( exp(-les(t)])) es(t)
)

J’_
)

0 0 0 e (t) 0 103
[ “)(zw%(o )( )
—x1(£)xx(t) 0 O es(t) —e,(t e,,(t) e.(t) (t)

81 (%2(8))~f 1 (%1 (2)) d(t)-Di(t) Bisgn(ei(t))
&) ~f2(1 (1)) | + | da(t)-Da(2) Bysgn(es(?))
83(2a(8)~f3(21(2)) ds(t)-Ds(t) Bssgn(es(t))

J’_

Consider a Lyapunov function as follows:

1 N 2
ei(t) ei(t) T er(6) 3 (1) 0 <If1(t)_kl)2 1
view | =|e@ | plan o5 ol (k@) |50+ )0
es(t) eg(t) eg(l’) 1 ) ,
0 0 )\ (k)
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where

pP= dmg[l b 1}

2" 22

The time derivative of Eq. (20) is given as:

el(t) El(t) 0 0
V (eg(t)) = ( 0 bez(t) 0 )
es(t) 0 0 e3(t)

() oy, [ FlexeCriall) 2 @O0 »
V(ez(t)) = (ez(t)) % —ky(exp(~nlex(£)])) 0 (ez(t))
es(?) es(t) a-a (O)llx(t)] emkis(exp(- ’7|e o) es(t)
2 s ,
S

0
&1(x2()~f1(x1(8)) + dr(£)-D1(2) \ [ e t Bisgn(e(t))
+| &£0:0))f201(1) +d2()-Da(2) | | ealt Basgn(es(t))
83(22(8))~f3(21(2)) + da(t)-Ds(t) ) \ es( t Bssgn(es(t))
(k1 k()

)
>§k

ks (£)—k3 ) ks (2)

. 1 a—x1(£)x(¢)
er(t) T —kl(eXP(In\el(t)l)) A 5 — e (t)
< ez(t; 5 ~ka(exp(-nlex(t)])) 0 ezgt;
es(t es(t
! wallnl) 0 e k(ep(rles]) )

lgy (%2(2))~f 1 (%1(2)) + da (£)-Di (£)|sgn(es (¢))-Bysgn(es(t)) \ [ en(t)

+ | 1g20(0)~f2(1(8) + da(2)-Da(2)|sgn(es(t))-Bysgnles(t)) | [ ex(t)

|g5(22(£))~f5(21(£)) + ds(£)-Ds(¢) |sgn(es(t))-Bssgn(es(t)) ) \es()

(23)

Page 11 of 17
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Using Assumption 1 and the fact that |sgn(e;)| <1 for i =1, 2, 3, in Eq. (23) yields:

o 7 [ RO ©D) 5 =5 o
< (ez(t) ) % ~pka(t) (exp(-nlex()])) 0 (@(U)
eslt) o5, es(t)

: 0 ~c+ pks(exp(-nles(1)]))

(24)
Using the parameter update laws (17) and (18) into Eq. (24) gives:
1 B,-a
e a@\” pkl(t)(exp({nlel(t)\)) -3 3 en(®)
14 (ez(t) ) <- (ez(t) ) -3 pka(t)(exp(-nlex(t)])) 0 Ez(t)>
es(t) es(t) B.-a es(t
5 0 ¢+ pks(exp(-nles(£)]))
V (e(t))<—e(t)" Q e(t)<0, (25)
where e(?) = [|e1()|, |ex(?)], |€3(t)|]T is the absolute state error vector, and
1 By-a
pla(2) (exp(-ler (6)) - =
1
Q= -3 pka(t)(exp(-nlex(t)])) 0
B,-a
5 0 ¢+ pks(exp(-7les(?)]))
(26)

At this stage, the remaining problem is that if the estimate of the LCPs ky, ky, and k3
and the two positive constants 7 and p are chosen such that the matrix, Q € R**> (26)
becomes a positive definite matrix (PDM). Since V(e(t)) is positive definite, then the

equilibrium point (e,'(t) =0, ki = ki, i=1, 2, 3) of the systems (11) and (18) is

asymptotically stable. Therefore, the two coupled chaotic systems (3) are asymptotically
synchronized. This completes the proof of Theorem 2.

Numerical Simulation Results and Discussion

Numerical simulation results are furnished in order to verify the robustness and
performance of the proposed ASC approach. The true value of the parameters of the
Coullete chaotic system (1) are set as a =5.5, b=3.5, and ¢ =1, and these values are
unknown to the slave system in (3). The initial values of the states vectors are taken
as x1(0) = 0.145, y,(0) = 0.625, z,(0) =0.925 and x,(0) = 0.945, ,(0) = 0.032, z,(0) =
0.112, respectively. The estimated absolute values of the state vectors of the Coullete
chaotic system (1) are B, < 3.6, B, <6, and B, <12 through numerical simulation. The
controlling parameters are considered as k; = k, =5 and k3 = 10, and the two positive
constants # and p are taken as #=0.01 and p=1. In numerical simulations, the
following model uncertainties and external disturbances are applied to the master and
slave systems (3), respectively.
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(Master system)
f1(0(#) + Da(2) = 03sin (5 x1(£) ) -0.01 cos(102),
F£20(8)) + Da(t) = ~0.25 cos( (@)

Fa(@(6) + Ds(t) = 0.3sin (S z1(£) ) + 0.04 cos(102),
(Slave system)
g, (x2(8)) + di(£) = ~0.4cos (gxz(t)) +0.02'5in(30¢),

v

-0.03sin(20¢),

2,(5,(2)) + d2(£) = 0.25sin (%Tyz(t)> -0.01 cos(20¢),
g5(2z2(t)) + ds(t) = 0.15 cos <2§zz(t)> -0.01 cos(15t).

(27)

Accordingly, 5; = 0.64, 5, =0.54, and S3=0.5.

The corresponding numerical simulation results are given as follows:

Figure 4 displays the result of the synchronized error signals. It is demonstrated that
the error signals (11) completely synchronize within a short transient time £~ 0.7 s in
the presence of external disturbances and model uncertainties under the control
action (16). The adaptive process of parameters is shown in Fig. 5. From Fig. 5, it can
be observed that the unknown time-varying parameters a;(t) = a + 0.2 sin(35¢), b;(t) =
b +0.1sin(25¢), and ¢;(¢) = ¢ + 0.02 cos(90¢) with initial values a;(0)=7, by(0)=
2, ¢1(0) = - 1, converge to the true values of a, b, and c as £ — oo, under the parameter
update laws (20). Figure 6 shows the time history of the input control signals. The
proposed ASC approach (16) is robust against different types of perturbations. The
controller response time is short, and the error signals converge to the origin with
critically damped oscillation.

Remark 3.

(i) The proposed ASC approach (16) contains the linear terms, some partially nonlinear
terms, and a feedback term. The exponential term (exp(-nleft)|)) for i=1, 2, 3, in the
controller (16) provides smoothness to the error signals with small amplitude and
without disturbing the convergence property, even in the presence of unknown external
disturbance and model uncertainties.

1.0
''''' eq[t]
0.5 -‘331 — ezft]
S ee--- eslt]
s
0.0} ‘__‘-133" = -
05
-1.0 - - - . .
0.0 0.5 1.0 15 2.0 2.5 3.0
Fig. 4 Time series of the synchronized error states




Ahmad et al. Journal of Uncertainty Analysis and Applications (2017) 5:6 Page 14 of 17

8 T T —
e - ¢qlt]
6} e vee ‘ didddvesesnseesese PR o
41
2"
of L«='7
' asssssss 81[t]
-2f bylt]
0 2 4 6 8
Fig. 5 Time series of the estimated parameter a;(t), b(t), and ¢,(t)

(il) By selecting a smaller value of i providing the fast convergence rates of the error
signals to the origin.

Remark 4. The proposed ASC approach can be easily utilized for the complete and
generalized synchronization for a class of chaotic as well as hyperchaotic systems. For
example, the synchronization of two identical hyperchaotic Lu systems [20, 22] can also
be achieved by applying the following nonlinear control function:

u;(t) = —ki(exp(-nlei(t)])), for i =2, 4, and u;(t) =0, for i=1, 3, (28)
and the parameter update laws are given as:

ai(t) = —(yz(t)—xz(t))el(t?’ bi(t) = z(t)es(t), é1(t)
= —y,(t)ea(t), and di(t) = wa(t)ea(t),
(29)

where the true values of parameters are taken as a =15, b=5, ¢=10, and d=1.
Numerical simulation results are shown in Figs. 7 and 8. As compared to the past
published works [20, 22], the synchronization speed is faster (0.6 s vs 4 s). Moreover,
the synchronized error signals in [20, 22] converged to the origin with underdamped
oscillation, while in the current study, the synchronized error signals converged to the

, svsssens uq[t]
5"5 seemss nft]
u3ft]

_5.:.?’

1

0.0 0.5 1.0 15 2.0 2.5 3.0

Fig. 6 Time series of the control signals
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eq[t]
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Lf recea e3t]
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0.0 0.5 1.0 1.5 2.0

Fig. 7 Time series of the synchronized error states for two

origin with critically damped oscillation, which shows the less amount of energy utilized
for CS objective.

As a matter of fact, the time variance property of the system parameters and the
existence of total disturbances in problem formulation and the controller design pro-
cedure for the robust stability of the closed-loop system are making the proposed ASC
approach to be more effective as compared to the previous results and can be easily

implemented in practice.

Conclusions

In this paper, two synchronization control strategies were proposed for the CS objective.
The active controller design procedure was based on the Routh-Hurwitz criterion. A
single input active controller was proposed which established the globally exponential CS
with comparatively low energy. Similarly, the correct balance between the synchronized
error convergence rates to the origin and magnitude of the linear controlling parameters
was identified. Accordingly, a novel adaptive-based synchronization controller was
proposed and suitable adaptive laws of time-varying parameters were designed which
accomplished the robust CS in a short time. The closed-loop stability for CS was proved
and the effectiveness of the proposed algorithm schemes was assessed by numerical
simulations and by comparing with past published works.

N
201 smimim ciltl ]
-7 —— d[t]
15¢ -
10} = "' rmimrm. NS - e pe—
5 r\\‘\ .................................
0f . a[t]
gf weeeeees ‘:,.1 [t] ‘ .
0 1 2 3 4 5 6
Fig. 8 Time series of the estimated parameters a;(t), identical uncertain hyperchaotic systems
(ko =kq=15) by(t), ¢;(t), and d;(t)
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Limitations of the proposed AC and ASC algorithm approaches are summarized as

follows.

(i) In the “Solution” section, in using the active control strategy and linearizing the error
system, it has been shown that the correct balance between the converging rates of
the synchronization error signals to the origin and magnitude of the suitable linear
controlling parameters is identified computationally for two identical Coullete chaotic
systems using a single control function. The structure of the Coullete chaotic system
is different from that of the usual chaotic or hyperchaotic systems such as the Lorenz
chaotic system, the Chen chaotic system, and the Rossler hyperchaotic system.
Therefore, a generalized analytic approach should be investigated to discuss the
same problem for the complete and generalized synchronization of a general class
of chaotic (or hyperchaotic) systems.

(ii))As shown in the “Solution to Problem 2.2.2” section, by using the ASC approach,
the synchronized error signals converged to the origin asymptotically in a short
time in spite of different types of uncertainties. This approach can be applied to
various chaotic as well hyperchaotic systems. The main issue is concerned with
the amount of control signals. In the case of generalized synchronization, the
control inputs and bounds may become too large.

(iii) The proposed ASC approaches can be applied only to continuous time dynamical

chaotic systems.
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