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Abstract

The prioritized weighted average (PWA) operator was originally introduced by Yager.
The prominent characteristic of the PWA operator is that it takes into account
prioritization among attributes and decision makers. Motivated by the idea of PWA
operator, we develop some prioritized weighted aggregation operators for aggregating
trapezoid fuzzy linguistic information. The properties of the new aggregation operators
are studied in detail. Furthermore, based on the proposed operators, some approaches
to deal with multiple attribute group decision-making problems under trapezoid fuzzy
linguistic environments are developed. Finally, a practical example is provided to
illustrate the multiple attribute group decision-making process.

Keywords: Multiple attribute group decision-making (MAGDM); Trapezoid fuzzy linguistic
variables; Prioritized weighted average operator; Trapezoid fuzzy linguistic prioritized
weighted average operator; Trapezoid fuzzy linguistic prioritized weighted geometric
operator; Trapezoid fuzzy linguistic prioritized weighted harmonic average operator

Introduction

In the process of multiple attribute decision-making, information aggregation is an
essential process of gathering relevant information from various sources. In the literature,
a wide range of aggregation operators are found for aggregating the data information
[1-4]. The ordered weighted averaging (OWA) operator, introduced by Yager [5], is a
well-known aggregation operator that provides a parameterized family of aggregation
operators, including the maximum, the minimum, and the average. Since its appearance,
the OWA operator has received increasing attention from many authors and it has been
applied across many fields [6-28]. Chiclana et al. [8] and Xu and Da [19] introduced the
ordered weighted geometric (OWG) operators, which are based on the OWA operator
and on the geometric mean. A further interesting extension of the OWA operator is the
generalized OWA (GOWA) operator [26] that uses generalized means [29] in the OWA
operator.

However, in some situations, the input arguments take the form of linguistic variables,
rather than being real numbers because of time pressure, lack of knowledge, and people's
limited expertise related with problem domain. Bordonga et al. [6] utilized the OWA
operator to solve the group decision-making problem in linguistic context. Herrera
and Martinez [30] established a linguistic 2-tuple computational model for dealing
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with linguistic information. To aggregate uncertain linguistic information, Xu [31] proposed
the uncertain linguistic weighted averaging (ULWA) operator, the uncertain linguistic
ordered weighted averaging (ULOWA) operator, and the uncertain linguistic hybrid
averaging (ULHA) operator. Xu [22] introduced some uncertain linguistic geometric
mean operators including the uncertain linguistic geometric mean (ULGM), the uncertain
linguistic weighted geometric mean (ULWGM) operator, the uncertain linguistic ordered
weighted geometric mean (ULOWGM) operator, and the induced uncertain linguistic
ordered weighted geometric mean (IULOWGM) operator and developed an approach to
group decision-making with uncertain multiplicative linguistic relation. Wei [32] defined
the uncertain linguistic hybrid geometric mean (ULHGM) and applied it to the group
decision-making. Further, Xu [33] proposed some aggregation operators for aggregating
triangular fuzzy linguistic information such as the fuzzy linguistic averaging (FLA) oper-
ator, the fuzzy linguistic weighted averaging (FLWA) operator, the fuzzy linguistic ordered
weighted averaging (FLOWA) operator, and the induced fuzzy linguistic ordered weighted
averaging (IFLOWA) operator. The trapezoid fuzzy linguistic variable (TFLV), introduced
by Xu [34], generalizes the linguistic variable, the uncertain linguistic variable, and the
triangular fuzzy linguistic variable, and research on aggregation operators under trapezoid
fuzzy linguistic environment is very significant. Xu [34] and Liang and Chen [35] pro-
posed the trapezoid fuzzy linguistic weighted averaging (TFLWA) operator and applied it
to multiple attribute decision-making problems. Wei and Yi [36] introduced the trapezoid
fuzzy linguistic weighted geometric mean (TFLWGM) operator and developed an
approach to group decision-making with trapezoid fuzzy linguistic information. Liu
and Su [37] introduced the trapezoid fuzzy linguistic ordered weighted averaging
(TFLOWA) operator and the trapezoid fuzzy linguistic hybrid ordered weighted
averaging (TFLHOWA) operator. Further, Liu and Su [38] developed some trapezoid
fuzzy linguistic harmonic averaging operators such as the trapezoid fuzzy linguistic
weighted harmonic averaging (TFLWHA) operator, the trapezoid fuzzy linguistic ordered
weighted harmonic averaging (TFLOWHA) operator, and the trapezoid fuzzy linguistic
hybrid harmonic averaging (TFLHHA) operator, and then studied some desirable properties
of these operators. Based on the idea of Bonferroni mean [39], Liu and Jin [40] proposed
some Bonferroni mean operators such as the trapezoid fuzzy linguistic Bonferroni mean
(TFLBM), the trapezoid fuzzy linguistic weighted Bonferroni mean (TFLWBM),
the trapezoid fuzzy linguistic Bonferroni OWA (TFLBOWA), and the trapezoid
fuzzy linguistic weighted Bonferroni OWA (TFLWBOWA) for aggregating trapez-
oid fuzzy linguistic correlative information. Recently, on the basis of the idea of the
generalized mean [29], Liu and Wu [41] proposed some generalized trapezoid fuzzy
linguistic aggregation operators and found their application in multiple attribute group
decision-making.

Trapezoid fuzzy linguistic variables are very useful tools to deal with uncertain or
fuzzy information. In the last couple of years, many multiple attribute group
decision-making theories and methods have been proposed under trapezoid fuzzy
linguistic environments with the assumption that the attributes and the decision
makers are at the same priority levels. However, in the real life multiple attribute
group decision-making problems, attributes and decision makers have different priority
levels in general. To overcome this issue, motivated by the idea of prioritized weighted

aggregation operators [42,43], in this paper, we propose some trapezoid fuzzy linguistic
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prioritized weighted aggregation operators such as the trapezoid fuzzy linguistic prioritized
weighted average (TFLPWA) operator, the trapezoid fuzzy linguistic prioritized weighted
geometric (TLLPWG) operator, and the trapezoid fuzzy linguistic prioritized weighted
harmonic (TFLPWH) operator. A prominent characteristic of these proposed opera-
tors is that they take into account the prioritization among the attributes and decision
makers. Further, we have utilized these operators to develop some approaches to solve
multiple attribute group decision-making problems under trapezoid fuzzy linguistic
environments.

The paper is organized as follows. In the ‘Preliminaries’ section, some basic concepts
related to trapezoid fuzzy linguistic variables and prioritized weighted average operator
are briefly given. In the “Trapezoid fuzzy linguistic prioritized weighted aggregation
operators’ section, we introduce some trapezoid fuzzy linguistic prioritized weighted
aggregation operators: the trapezoid fuzzy linguistic prioritized weighted average
(TFLPWA) operator, the trapezoid fuzzy linguistic prioritized weighted geometric
(TFLPWG) operator, and the trapezoid fuzzy linguistic prioritized weighted harmonic
average (TFLPWHA) operator. Some properties of proposed operators are also studied
here. In the ‘An approach to multiple attribute group decision-making with trapezoid
fuzzy uncertain linguistic information’ section, we have applied these operators to
develop some decision models for solving trapezoid fuzzy linguistic multiple attribute
group decision-making problems in which the attributes and decision makers are in
different priority levels. In the ‘Numerical example’ section, a numerical example is pre-
sented to illustrate the proposed approach to multiple attribute group decision-making
with trapezoid fuzzy linguistic information. Our conclusions are presented in the

‘Conclusions’ section.

Preliminaries
In this section, we briefly review some basic concepts related to trapezoid fuzzy linguistic
variables and prioritized weighted average operator, which will be needed in the following
analysis.

Let S={s;|i=1, 2,...,t} be a discrete linguistic term set with odd cardinality. Any label,
s;, represents a possible value for a linguistic variable, and it must have the following
characteristics [31]:

(i) The set is ordered: s; > s; if i > .

(ii) There is the negation operator: neg(s;) = s; such that j = - i.
(iii) Max operator: max(s; s;) = s; if 5; > s;.

(iv) Min operator: min(s; s;) = s; if 5, < s;.

For example, S can be defined as
S = {s1 = extremely poor, s, = very poor, s3 = poor, s4 = slightly poor, s5 = fair

s¢ = slightly good, s; = good, sg = verygood, sy = extremely good}.

Further, we extend the discrete term set S to a continuous linguistic term set

S = {sq4]s1<8,<5;, a€[1, t]}. If 5,€S, then, we call s, an original linguistic term, otherwise,
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we call s, the virtual linguistic term [22]. In general, the decision makers use the original
linguistic term to evaluate alternatives, and the virtual linguistic terms can only appear in
calculation [31].

Definition 1. Distance between two linguistic variables [33]: Let s, and sg be two

linguistic variables, then the distance between s, and sz is defined as follows:

d(sa,88) = |a—P|. (1)

In some situations, however, the decision makers (DMs) may provide fuzzy lin-
guistic information because of time pressure, lack of knowledge, and their limited
expertise related with the problem domain. To handle such type of cases, Xu [34]
defined the trapezoid fuzzy linguistic variable and introduced some of the oper-
ational laws on them.

Definition 2. Trapezoid fuzzy linguistic variable [34]: Let 5§ = [sms/)»,sy,s”] , where
Sa» Sps 8 S, €S, and the subscripts a, f, y, and 5 are non-decreasing numbers and sg
and s, indicate the interval in which the membership value is 1, with s, and s,, indi-
cating the lower and upper values of s, respectively. Then, s is called the trapezoid
fuzzy linguistic variable, which is characterized by the following membership func-
tion (see Figure 1):

0, S0 <89 <58,,
d
(50, 5) . Sa<Sg<sp,
d (s, 5a)
ﬂg(@) =71 Sp<Sg <S8y, (2)
d(se,sq)
, Sy <Sp<sy,
d(sy,sy)
0, Sy <59 <8y

Especially, if any two of a, 3, y;, and 7 are equal, then s is reduced to a triangular fuzzy
linguistic variable [33], and if any three of a, 3, y, and # are equal, then 5 is reduced to
an uncertain linguistic variable [31].

1:(0)]
1 .....

n

Figure 1 A trapezoid fuzzy linguistic variable.




Verma and Sharma Journal of Uncertainty Analysis and Applications 2014, 2:10 Page 5 of 19
http://www.juaa-journal.com/content/2/1/10

Definition 3. Arithmetical operations on trapezoid fuzzy linguistic variables [34,37,41]:
Let s = [sa,sﬁ,sy,sd , 81 = [sal,sﬁl,syl,sm}, and §, = [saZ,s,gZ,syz,s,h] be three trapezoid
fuzzy linguistic variables, then some arithmetical operations are defined as follows:

(1) 519 52 = [S"‘l By Sy 5’71] ® [S“Z’S.BNS}'Z’SV/J = [S“1+“2’Sﬁ1+ﬁ2 ) S}'1+}’2’S’71+’72] ’

(ii) §1®‘§2 = [S"fl’Sﬁl’s}’l’S’71]®[S“27S/32’S72’S’72} = [8“1“278/31/52’871}’273’71’72]’

(iii) As :A[sa,sﬁ,sy,s”] = [s,m,s,lﬁ,s;Ly,sM}, A=0

i)z = [s(,“sﬁ,sy,sv]/1 = [sahsﬁhsya,sﬂ } 120

v 1 1111 1 1 1 1
§71 = [sa,88,8y,8y] = co = |
a 9B Oy °n

Definition 4 [35]: Let §; = [sq,,5p,,5y,,8,,| and 8y = [sa,,$p,,5y,,5,,] be two trapezoid

fuzzy linguistic variables, then the degree of possibility, p(51>3,), of (5§1=5) is defined as

follows:
oz . (y1+m)-(a2+By)
p(8125,) = mm{ max{ ,00,15. (3)
(1 +m)=(ar+By) + (o + 1) (a2 + B3)
The characteristics of the possibility degree p(s1 >38,) may be noted as follows [35]:

0<p(s

p(s12

52)

<1,0<p(8,25)<1.
p(5228) =1

1>8
25) +

/\

Especially, if p(81 232) = p(52251), then p(§1 25,) = p(5,251) = 1.

Definition 5 Expected value of trapezoid fuzzy linguistic variable: Let s = [sa, 8,58y, 3,7]
be a trapezoid fuzzy linguistic variable, then the expected value of s is defined as
follows:

EG) = <w>. (4)

The prioritized weighted average (PWA) operator was originally introduced by Yager
[42,43] as follows:

Definition 6. PWA operator [42,43]: Let G = {G}, G»,...,G,,} be a collection of attributes
and let there be a prioritization between the attributes expressed by the linear ordering
G; > Gy > Gs... > G, indicating that attribute G; has a higher priority than G; if i <. Also,
let G(x) be the performance value of any alternative x under attribute G; and satisfies G;

(x) € [0, 1]. If

PWA(Gi (%), Ga(#), -, Golx)) = Y e Gil), (5)
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i-1
where T; = HGj(x), i=2,3,...,n, Ty =1, then PWA(G;(x), G5(x),...,G,(x)) is called
the PWA opleiltor.

In the next section, to aggregate the trapezoid fuzzy linguistic information, we propose
some prioritized weighted aggregation operators such as the trapezoid fuzzy linguistic pri-
oritized weighted average (TFLPWA) operator, the trapezoid fuzzy linguistic prioritized
weighted geometric (TFLPWG) operator, and the trapezoid fuzzy linguistic prioritized
weighted harmonic average (TFLPWHA) operator with properties.

Trapezoid fuzzy linguistic prioritized weighted aggregation operators

Trapezoid fuzzy linguistic prioritized weighted average operator

Based on Definition 6, we give definition of the TELPWA operator as follows:
Definition 7. Trapezoid fuzzy linguistic prioritized weighted average operator:

Given a set of trapezoid fuzzy linguistic variables, §; = [Sa,-, 58,5y, s%] ,i=1,2,...,n, the

TFLPWA operator is defined as follows:

T, . T, .
5@ @

( Ti §> - Tl gl@
n - n n n
i L i Zi:l Ti Zi:l Ti Zi:l T

TELPWA 51,52, ...,5,) = @
=1

(6)

T I(E(S

where T; = H@, i=2,3,..,n, T1=1 and E(5;) is the expected value of
=1

5= [sai,sﬁj,sy},,s%}, I(E(§j)) is the subscript of E(§j).

Note 1: If the priority levels of the aggregated arguments reduce to the same level,
then the TFLPWA operator reduces to the trapezoid fuzzy linguistic weighted average
(TFLWA) operator [34,35]:

TELPWA 31,52, ..., 5,) = (W151@w25,@ - Bw,5,,). (7)

Next, based on the operational laws of TFLVs, we can easily prove the following theorem:

Theorem 1. Let 5; = [sai,sﬁi7sy[7s,7j, i=1,2,....,n be a set of trapezoid fuzzy linguis-
tic variables, then the aggregated value by using the TFLPWA operator is also a trapez-
oid fuzzy linguistic variable, and

TELPWA (51,55, ..., 5) = é s,,

Z
n T; ” T;

i
S
n )'7 n
:E T; llg,l i=1 T;
i=1 1 i=1

S,

(8)

i-1 I(E 3.

where T; = H@,i =23,...n, T =1, E(E/) is the expected value of §; =
j=1

[sa/., 88,5y, 5,7,} and (E (E,)) is the subscript of E (§,)

Properties of TFLPWA operator
P1. (Idempotency): Let s; = [sal.,s/;l,sy‘_,sm}, i=1,2,...n, be a set of trapezoid fuzzy

I(E(s; -
linguistic variables, T; = ( ES’) i=2.3,...,n T =1, E(sj) be the expected value of
J

—

i

~—

I
—
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5= [sa/,sﬁj,syi,s%} and [ (E (E,)) be the subscript of E (E,) If all the trapezoid fuzzy

linguistic variables s;, i =1, 2,..., n, are equal, i.e., 5; =5 = [s,,,, s/;,sy,sw}Vi, then
TFLPWA(S1,33, ...,8,) =S. 9)

P2. (Boundedness): Let 5; = [sai,s/gi,syi,sm}, i=1,2,....,n, be a set of trapezoid fuzzy

i-1 -
linguistic variables, T; = HI(EES’)),L' =2,3,...,n, T1 =1, E(§/) be the expected value of
=1

5= [Su/,Sﬁ/,Sy’7S;1’:| and I(E (5,)) be the subscript of E(E,-). Also, let

§” = mins; = [minsm, minsg, minsy,, m,ins%]7 (10)
L L 1 L 1
and
57 = maxs; = {maxsai, maxsg,, maxsy,, maxs%} (11)
1 12 4 12 4
Then,
§"<TFLPWA (51,32, ...,5,) <5 (12)

P3. (Monotonicity): Let §; = [Sai,S/)’[,Syi,S;y[] and 3, = [54,75/;’,’5}[75;1,}7i: 2,3,...,1,

Aty gt v cae) ()
be two sets of trapezoid fuzzy linguistic variables, T; = H . L= Hf
j=1 j=1

)

i=2,3,..,n T = Ti =1, E(§,) be the expected value of s; = [sai,sﬁj,syj,s%} , E(Uf) be
the expected value of EI = [sl'x/,s[; 75};, Sv} , I(E(3;)) be the subscript of E(5;), E(S'] )
] ] ]

be the subscript ofE(Elj). If 3,<3; for all i, then

TFLPWA (31,52, ..., §,) < TELPWA (5,35, ....5,,). (13)

Trapezoid fuzzy linguistic prioritized weighted geometric operator
Based on TFLPWA operator and the geometric mean, here, we give the definition of
the TFLPWG operator as follows:

Definition 8. Trapezoid fuzzy linguistic prioritized weighted geometric operator:
Given a set of trapezoid fuzzy linguistic variables, §; = [sai,sﬂi,syi,s%], i=1,2,..,n,
the TFLPWG operator is defined as follows:

T

—
(EI.)Z;‘:I T
Ty Ty Tn

- (31)2?:1Ti®(§2)2?:1n®”'®(§n)27:1Ti (14)

TELPWG(31,52, ....3,) =

I®s

15
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— I(E(5
where T; = H@, i=23,..,n,T =1, E(E,-) is the expected value of §; =

j=1

[sa/, SB,+ Sy, s,7,} and I(E (5,)) is the subscript ofE(E,»).

Note 2: If the priority levels of the aggregated arguments reduce to the same level,
then the TFLPWG operator reduces to the trapezoid fuzzy linguistic weighted geomet-
ric (TFLWG@G) operator [36]:

TFLPWG(S1,52, ..., 84) = (31)"' ®(52)"* @ ®(5,)"". (15)

Next, based on the operational laws of TFLVs, we can prove a result in the following
theorem:

Theorem 2. Let §; = [Sa,-,Sﬁ,,Sy[,SqJ, i=1,2,...n, be a set of trapezoid fuzzy lin-
guistic variables, then the aggregated value by using the TFLPWG operator is also a

trapezoid fuzzy linguistic variable, and

T;
TELPWG (31,52, .., 3) = é (g,)z;Ti,
i T; T; f
= | & (2T & (i) 2T &5, 2T (s,) 2T,

i_l I E N'
where T; = H@,i:Z,B,...,n, Ty=1, E(3;) is the expected value of §; =
j=1

[saj, 88,5y, 5,7/} and I(E (5,)) is the subscript ofE(Ej).

Properties of TFLPWG operator
P1. (Idempotency): Let 5; = [Sai,sﬁi,syi,sm], i=1,2,....,n, be a set of trapezoid fuzzy

rTLEG))

linguistic variables, T; =
g i ]11 P

i=2,3,...,n, T =1, E(§}-) be the expected value
of 5; = {sa/., $B,s 5y, s%} and 7 (E (5,)) be the subscript of E(§,). If all the trapezoid fuzzy
linguistic variables s;, i =1, 2,..., n, are equal, i.e, 5; =5 = [sa, s/g,sy,sti, then
TFLPWG(51,52, -..,54) = S. (17)
P2. (Boundedness): Let 5; = [Sal,,S/gi,Syi,S”J, i=1,2,...,n, be a set of trapezoid fuzzy

i-1 -
linguistic variables, T'; = Hw,i =23,..nT,=1, E(§,) be the expected value
=1

of 5; = [sa/,sﬁi,s),/,s%} and I(E (§,)) be the subscript ofE(Ej). Also, let
§” = mins; = [minsm, minsg , minsy , mins, |, (18)
L L 1 L 1

and
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§7 = max3; = | maxs,,, maxsg, maxs, maxsm} (19)
1 12 14 12 14
Then
§"<TFLPWG (51,82, ..., 8,)<S . (20)

P3. (Monotonicity): Let §; = [s,,8,5y,,8, ] and §; = {s;ﬂslygi,s}i,s;ﬂ} i=2.3,...,1, be

— Sj — I(E(S))
I(E(s :
two sets of trapezoid fuzzy linguistic variables, T; = | I M, T, %
j=1 j=1

i=23,..,nT1 =T =1, E(Ej) be the expected value of 5; = {sai,sﬁ/_,sy,_,s%}, E(~i) be
the expected value of §; = [s;‘i,s[;v,s}y,_,s,;} , I(E(3;)) the subscript of E(;), I(E(Ef)) be
7 ] J

the subscript of E (§/ ) If 3;<3; for all i, then

TFLPWG(51, 52, ..., 5,)STFLPWG(5,, 55, ..., 5,). (21)

Trapezoid fuzzy linguistic prioritized weighted harmonic average operator
Based on TFLPWA operator and the harmonic average, here, we give the definition of
the TFLPWHA operator as follows:

Definition 9. Trapezoid fuzzy linguistic prioritized weighted harmonic average operator:
Given a set of trapezoid fuzzy linguistic variables, s; = [Sa,,Sﬁ,,, s},i,s,ﬁ]7 i=1,2,...,n, the
TFLPWHA operator is defined as follows:

T; -1
T
o B n - T; 1
TFLPWA(31,32, ..., 84) = ; 12;1 = T T, Ty )
= i 7T 7 7
ngl Ti 6 Zlgjl Ti @. . ,@ Zlgjl Ti
(22)

i-1 -
where T; = Hw,izl&m,n , T1=1, E(ij) is the expected value of §; =
j=1

[sa/., 88,15y, 5,7,} and / (E (E,)) is the subscript of E (§,)

Note 3: If the priority levels of the aggregated arguments reduce to the same level,
then the TFLPWHA operator reduces to the TFLWHA operator [38]:

1
TELPWHA (31,52, ..., §,) = o (23)

ene
Next, based on the operational laws of TFLVs, we can prove a result in the following
theorem:
Theorem 3. Let §5; = [sai,sﬁl,syﬂsm}, i=1,2,...n, be a set of trapezoid fuzzy lin-
guistic variables, then the aggregated value by using the TELPWHA operator is also a
trapezoid fuzzy linguistic variable, and
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T; -1
n
TELPWA (1,53, ..., 5,) = él% ,

i= i
T, \ 1 T, \ 1 T \7! T;
n n n n

_ éZz:lT’ 7 é‘azzzl‘ 7 é’}Zi:ITl 7 éZ;ﬂTl )
i=1 Sa; i=1 Sﬁi i=1 Sy, i=1 Sy,

(24)

i-1 <
where T; = Hw,i: 2,3,...,n, Ty =1 and E(§j) is the expected value of s; =
j=1

[sa/., 58,15y, 5’7;} , I(E (51)) is the subscript of E(§/).

Properties of TFLPWHA operator
P1. (Idempotency): Let 5; = [sai,sﬁi,syi,sm}, i=1,2,....m, be a set of trapezoid fuzzy lin-

rTL(EG))

guistic variables, T; = H ;
j=1

,i=2,3,...,n,T, =1, E(§j) be the expected value of

5= {sa/, S8, 5y, 5,7/} and I(E(s;)) be the subscript of E(§;). If all the trapezoid fuzzy lin-

guistic variables $;, i =1, 2,..., n, are equal, i.e., 5; =5 = [sa,sﬂ,sy,sq] Vi, then

TELPWHA (31,35, ..., §,) = 3. (25)

P2. (Boundedness): Let 5; = [SomS/:’pSy,-»SnJa i=1,2,....n, be a set of trapezoid fuzzy

i-1 I 3.
linguistic variables, T; = H@,i =2,3,...n, T =1, E(§}-) be the expected value
j=1

of 5; = [sa/,sﬁi,s),/,s%} and I(E (§,)) be the subscript ofE(§,). Also, let

5= rr%inEi = [miinsm, rr}insﬁi, rr%ins),i7 rr}insm], (26)
and
i = miax§i = {miaxsai, max sg,, maxsy,, miaxsm} (27)
Then
§ <TFLPWHA(51, 32, ...,8,)<8 7. (28)

P3. (Monotonicity): Let §; = [sa,,35,,5y,, 5, and §; = {S;i,slygi,s}y,l,séi}, i=1,2,..,n be

e 1t (E6))

two sets of trapezoid fuzzy linguistic variables, T; = H .
j=1 =1

bl

i=23,..,n T = Ti =1, E(E,) be the expected value of 5; = [sq/,s/gi,s},/,s%} , E(NJ-') be

Page 10 of 19
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the expected value of §] = {sé/, s/;/,s'yi, s;yf} , I(E(Ej)) the subscript of E(E,-), I(E(Ef)) be
the subscript of E (51 ) If 3;<3; for all i, then

TFLPWHA (51,35, ..., 5,)STELPWHA (3,5, ..., ,,). (29)

In the following section, we suggest the application of the proposed operators to solve
multiple-attribute decision-making problems with trapezoid fuzzy linguistic information.

An approach to multiple attribute group decision-making with trapezoid
fuzzy uncertain linguistic information

Let us consider a multiple attribute group decision-making problem involving a set of
alternatives X = {X;, Xy,..., X,,,} to be considered under a set of attributes G = {G,, Go,..., G,.}
and let there be a prioritization between the attributes expressed by the linear ordering
Gy > Gy > -+ > G, (indicating that attribute G; has a higher priority than G, if j < /), and
let D ={Dy, D,..., D} be the set of decision makers and let there be a prioritization
between the decision makers expressed by the linear ordering D; > Dy > - > D,,
indicating decision maker D, has a higher priority than D, if #<g¢. Let R® =
(iij(“) ([s,(,,ly,s;), ) s(y];> S;Ii)}) be a trapezoid fuzzy linguistic decision matrix,

mxn mxXn

where }~”ij<k)€§ is an attribute value, which takes the form of trapezoid fuzzy linguis-
tic variables, provided by the decision maker D;eD, for the alternative X;€X with re-
spect to the attribute G;eG.

Using the TFLPWA (or TELPWG or TELPWHA) operator, we now formulate an al-
gorithm to solve multiple attribute group decision-making problems with trapezoid

fuzzy linguistic information:

Step 1. Calculate the values of T(k> (k=1,2,...,q) as follows:

Tf,],k) — k_lw (k=2,3,...q), (30)
y=1
W — 1. (31)

Step 2. Utilize appropriately the TFLPWA operator:
Fij = (gaii’ §AB1'1'7§}/1‘/’§’7[]‘)

- TFLP\X/A( () 7@ ...,f@>

ij oo l]’ ij
(1) (2) (q)
L wg T T L (32)
7 w0 T
Zk:1Tii ZkflTi‘ Zk 1 i'
(k) o (k)
o g T e g Tl

q
k1zk7 T(k)klz T klz Tk)klzkl i

or the TFLPWG operator
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Py = (gai,.,g,;”,gy”,gw) — TFLPWG (?(1) 72 .,?@)

g oot ij
1 2
Ty T Ty
q (k) q (k) q (k)
= (7«5},1)>Zk:1Ti/ ®<;;?))Zk:1Ti/ ®-.-®<ig?)>2k:1Ti/
k 3 k k
Ty Ty Ty Ty
7 k) T k) VR Tk
— | & (s Zk:1Tii 5 (W0 Zk:lTi/ & (s Zk:lTi/’ & (s ZkleU
® (s , ® (85 y ® (s, » @ s, )
k=1\ "7 k=1\ Fi k=1\"¥ k=1\ "9
(33)
or the TFLPWHA operator
Fir= (S 38,08y,5, ) = TELPWHA (7 77, 740
1 -1 5 -1 -1
() 7 7l
q (k) q (k) q (k)
_ Zk:1Ti/' ® Zk:lTi/ ®--0 Zk:lTii
;(1) ;(2) ;(4)
ij i ij
-1 -1 -1 -1
T,(,{() T,(,»k) ng’“ Tl(l.")
R VR0 k) R
_ é i1 L é i1 L é Zk:lTii é Zk:lTU
k=1 (k) s (k) st (k) B (k) '
Say Sﬁij S}’l, S%/
(34)

to aggregate all the individual trapezoid fuzzy linguistic decision matrices R*) =
(?ifk)) = ({s,(x]f,),sgf),s;’_(),sgﬂ) (k=1, 2,..., q) into the collective trapezoid fuzzy
mxn iy V1) mxn
linguistic decision matrix R* = (7;) = (|:Sai]-75/)’i/75yij; S;yijD yi=L 2., mj=12.., n
m

Step 3. Calculate the values T, i=1, 2,..., m, j=1, 2,..., 1, as follows:

j-1

~.

I(E(71,
T = M, i=1,2,..,m; j=2,3,..n, (35)

V:

Il
—

Ta=1, i=1,2,...m. (36)

Step 4. Aggregate all trapezoid fuzzy linguistic variables 7;,j = 1,2, ..., n, for each op-
tion X;, i =1, 2,..., m, by the TELPWA operator:

Fi = (Sa: 38, 5y,,8y,) = TELPWA(Fi1, Fizs ooos Fin)

= ra® Tin® - ® Tin

21':1 Ty Z;:l Ty Z,'zl T (37)
Tyj(se;) n To (S/’)l/') 3 T (SV,-/) & T (Sm,)
—1 Z:zl Tij 7]':1 Z;l:l le ’

Ty . Ty Tin
n

=&

7]

n Y n )
j=1 . j=1 P
j E jleU J E ,':1Tl/ j

or the TFLPWG operator:

i=12,....m
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Fi = (Bar 34,8y, 8y,) = TELPWG(Fit, Fig, oo, Fin)
Ta Ty Tin

"oT, T SV 7
_(;il)zlzl ll®('~,i2)z,:1 ’/®...®(;M)ZJ:1 if

(38)
or the TFLPWHA operator:
Fi = (Sa»38,3y,,8y,) = TELPWHA (Fi1, 72, ..., Fin)
Ty - Tp - Tin -
n n n
. Zj:lTi/ & Z,‘:1T’7 PP Zj:lT”
i iy Tin
r Tl] -1 Tl] -1 Tl} -1 Tt] -1
n n n n
Ty Ty Ty Ty
- éz“ : éz’*l : éz’; : éz’; , i=1,2.m
j=1 (sau) j=1 (s;;y) j=1 (syq,) j=1 (s%>
(39)

to derive the overall trapezoid fuzzy linguistic variables 7;, i =1, 2,..., m, of the options
X,i=1,2,...,m.

Step 5. Compare each 7; with all 7, i, k=1, 2,..., m, by (3). For simplicity, we let p; = p
(r;= ry), and then construct the possibility matrix P = (p;),; x m Where py =0, py+ pri=1,
pii=05Vi, k=1, 2,.., m. Summing all the elements in each row of matrix B, get

m
pi:Zpib i= 1,2,...,}7’[ (40)
k=1

Then, arrange the collective overall preference values 7;, i =1, 2,..., m, in descending
order in accordance with the values of p;, i = 1, 2,..., m.

Step 6. Rank all the options Xj, i =1, 2,..., m, by the ranking of r;, i=1, 2,..., m, and
select the best one(s).

Step 7. End.

Numerical example

In order to demonstrate the applicability of the proposed method to multiple attribute
group decision-making, we consider below a university faculty recruitment group
decision-making problem.

Example: The department of mathematics in a university wants to appoint outstand-
ing mathematics teachers. The appointment is done by a committee of three decision
makers, President D;, Dean of Academics D,, and Human Resource Officer Ds. After
preliminary screening, five teachers X;, i=1, 2, 3, 4, 5, remain for further evaluation.
Panel of decision makers made strict evaluation for five teachers X;, i =1, 2, 3, 4, 5, ac-
cording to the following four attributes: (1) G;, the past experience, (2) G,, the research
capability, (3) Gs, subject knowledge, (4) Gy, the teaching skill. During this process, the
university President has the absolute priority for decision-making, Dean of Academics
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comes next. The prioritization relationship for the attributes is as follows: G; > G, > G3 > G4.
The three decision makers evaluated the teachers X;, i = 1, 2, 3, 4, 5, with respect to the at-
tributes G;, j = 1, 2, 3, 4 by using the following linguistic scale:

S = { s1 = extremely poor, s, = very poor, s3 = poor, s5 = slightly poor, s5 = fair

s¢ = slightly good, s; = good, ss = very good, sy = extremely good},

and provided their evaluation values in terms of trapezoid fuzzy linguistic variables and con-
structed the following three trapezoid fuzzy linguistic decision matrices R\?) = <f”ij<q )>5 J

X
q = 1,2,3 (see Tables 1, 2, and 3).

Step 1: Utilize the expressions in (30) and (31) to calculate the Tz/ , E}-2> and TE}-3>,

111 1 [0.444 0.722 0.750 0.528
1111 0583 0.722 0.722 0.667
[TE].I)}— 111 1], [Tg?)} 0750 0.611 0.833 0.500
1111 0750 0.778 0.583 0.833
1111 (0500 0361 0472 0.694

[0.259 0.281 0.375 0.323
0.389 0.201 0.441 0.333
[T,.g)} = | 0313 0.306 0.301 0.306
0.625 0.389 0.227 0.370
10.222  0.151 0.341 0.270

Step 2: Utilize the TFLPWA operator (Equation 32) to aggregate all the individual

decision matrices R?, g=1, 2, 3, into the collective decision matrix R* = (?ij) sxa =

({S“i/’ SB,> Sy, Sn; } )5 and we get the following table (Table 4):
R A
Step 3: Using expressions in (35) and (36) to calculate the T, i=1, 2,...,, 5; j =1, 2,...,

4, we get
1 05058 0.2732 0.1633
1 0.5697 0.3048 0.2071
[Tj] = |1 06417 0.3693 0.2192
1 06886 0.4254 0.2231
1 0.4803 0.1958 0.1062

Step 4: Aggregating all trapezoid fuzzy linguistic variables 7, j = 1,2, 3,4, by using the
TFLPWA operator (Equation 37) to derive the overall trapezoid fuzzy linguistic variables
7;,i=1,2,...,5 of the teachers X;, i = 1, 2,..., 5:

Table 1 Trapezoid fuzzy linguistic decision matrix R(")

G, G, G; G,
X (52, 53, Ss, Sl (4, S5, Sg, Sol (S5, Se S7, Sal (53, S4, S5, 57]
X5 [$3, S5, Se, 7] [Ss, Ser 57, Sgl [S4, S5, Sg, Sol [S4, S5, 57, Sgl
X3 (4, Se: S Sal (S4, S, Ser 7] [Se, S7, S, Sal 53, Sa, S5, Se]
X4 S5, Se 57, Sal (4, S7, S, Sol [s3, S5, S6, 57] [Se: S7, e Sal
Xs [$3, Sa, S50 Sel (1, 52/ Sa, Se (52, S4s S5 Se (4, S5, 57, Sal

Page 14 of 19
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Table 2 Trapezoid fuzzy linguistic decision matrix R®

G, G, Gs G,
Xi [s3, S5, S6, 7] (52, 53, Sa, S5 (53, S4, S5, Se [S4, S5, Ser 57)
X5 [s4, S5, 57, S8l [S1, 52, 53, 54l [S4, S5, Ser 7] [3, S4, S5, Se
X3 (2 S3, Sar Sel (2, , 571 [S1, S3, Sas Ss] [S4, S5, Se1 7]
Xy [Ss, S7, S, Sal [53, S41 S5, 5 6] (52 S3, Sas S5l [, 53, S5, S¢
Xs (1, 53, S5, 571 (52, 53, S, Se) (S5, Se 57, S8l [0/ 53, S4, Ss]

r = [82.877S4.01755A57’56A69 )

-
[ v}
|

= [53.297 54.58,55.92556.95

ry = [53.66755.1573635737‘53 )
rs = [52.25753,5575492’5635 .

Step 5: Comparing each r; with all ry, i, k=1, 2,...,

]
]
r3 = [83.457 $4.83586.07, S7A32]7
]
]

and then constructing the possibility matrix, we get

0.5000 0.4229
0.5771 0.5000
P = 10.6206 0.5460
0.6699 0.5968
0.4046 0.3247

Now, summing all the elements in each row of matrix B, we have

P, = 22278, p, = 2.6096, p, = 2.8339, p, = 3.0834, p, = 1.7453,

then

2,

decision matrices R, g=1, 2, 3, into the collective decision matrix R* = (?ij)

(

Ya>r3>ro>ri>rs.

0.3794
0.4540
0.5000
0.5501
0.2826

0.3301
0.4032
0.4499
0.5000
0.2334

0.5954
0.6753
0.7174
0.7666
0.5000

5, by Equation (3) and let py = p(r; > 1),

Ranking all the teachers X;, i=1, 2, 3, 4, 5, in accordance with the values of r;, i =1,

3, 4, 5, we have

Xy>X3>Xo>X1>X5.

Thus X, is most desirable alternative.

Based on the TFLPWG operator, the decision steps are as follows:

Step 1’: See step 1.

Step 2’: Utilize the TFLPWG operator (Equation 33) to aggregate all the individual

[sai/,sﬁii,sy”,s,,ﬁ} )5><4 and we get the following table (Table 5):

Table 3 Trapezoid fuzzy linguistic decision matrix R*®)

5x4

G, G, G3 G,
Xi (4, S5, Se, 7] [$1, 52, 53, S4) (52, 53, Sa, S5 [$3, S4, S5, 57)
X5 (52, 53, Sa, S5 ($3, S4, S5, 7] (4, Se 57, S8l [s1, 53, S5, ¢
X3 [Ss, S7, S, Sal (S4, S, Ser 7] (2 3, S50 Sel [52, 53, 4, S5
X4 (51, $3, S5, Sel (52, $3, S50 Sel (4 S5, Ser 7] [, 53, S4, S5
Xs (52, S4, S5 Sel (4, S6/ 57, Sel (53, S4/ S5, Se [S4, S5, S 7]
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Table 4 Collective trapezoid fuzzy linguistic decision matrix R* (for TFLPWA operator)

G, G, G3 G,

Xi [S256/ S3:83 Ss.41, Sea1] [S286/ S3:86: Ss86 S6.86) (5376, Sa76 S5.76/ 57.24) [53.20/ 5429/ S529, 57.00]
X [53.10/ Sas1 S50 S6.90] [53.20/ 429, S529/ S6.30] [S4.00/ 5200 5713, S8.13] [53.17, S433 Ss.00 57.00)
X3 [53.58/ S5.06 Se55: S7.91] [$336/ Sa68 Ss68 S7.00] [$3.48/ Sag7 Seo1, S7.01] [53.11, Sa11, Ss.11, S6.11]
X4 [S4.26/ S5.53 Se.79, Sg21] [$3.28/ S5.20 Se.38 5738 [S280/ 5436/ S5.36: Se.36) [$3.82/ S482: S6.19, 57.19)]
Xs [5220/ 371, S5.00: S6.20] [$1.54 264, Sa30: S6.20] (5207, Sa52 S552: S6.52] (5373, Sa29, Ss80, 57.31]

Step 3’: Utilize expressions in (35) and (36) to calculate the Ty, i=1, 2,...,, 5; j =1, 2,...,
4, we get

0.4986 0.2515 0.1454
0.5597 0.2705 0.1828
0.6131 0.3496 0.1892
0.6525 0.3906 0.2009
0.4728 0.1867 0.0992

(Ty] =

e

Step 4’: Aggregating all trapezoid fuzzy linguistic variables 7;;,j = 1,2, 3,4 by using the
TFLPWG operator (Equation 38) to derive the overall trapezoid fuzzy linguistic variables
7i,i=1,2,...,5 of the teachers X;, i =1, 2,..., 5:

ry = [52.68753.84735.42756.55]; ry = [32.99754.37755.70756.76]7r3 = [53.12,54.62735.86737.22}7

ry = [53.23754.89756.217S7.40]f5 = [51.97753.39754.86756.31]~

Step 5”: Comparing each r; with all ry, i, k=1, 2,...,5, by Equation (3) and let py = p(r; = 1),
and then constructing the possibility matrix, we get

0.5000 0.4370 0.3920 0.3519 0.5870
0.5630 0.5000 0.4521 0.4098 0.6508
P = ]0.6080 0.5479 0.5000 0.4580 0.6924
0.6481 0.5902 0.5420 0.5000 0.7301
0.4130 0.3492 0.3076 0.2699 0.5000

Now, summing all the elements in each row of matrix B, we have
Py = 2.2679, p, = 2.5757, p, = 2.8063,p, = 3.0122, p, = 1.8397,
then
Fa>r3>ro>r1>Ts.

Ranking all the teachers X;, i=1, 2, 3, 4, 5, in accordance with the values of r;, i =1,
2, 3, 4, 5, we have

Xy>X3>Xo>X1>X5.
Hence, X, is most desirable alternative.

Table 5 Collective trapezoid fuzzy linguistic decision matrix R* (for TFLPWG operator)

G1 Gz G3 G4
Xi [5247, S3.70: S539, S6:39) [52.57, S3.66: S5.43, Se.50) [53.55/ Sa.60: S5.63 57.03) [53.26/ S4.26: 5527 57.00)
X2 [$3.02/ Sa52 Ssg0 Ses1] [S250, S381 Sa92: Se.08] [S4.00, S5.18: 5707, S8.08) [S2.80/ Sa26: S5.92: S6.93]
X3 (5331, S477, S22, 57.77) (5321, Sas6 Ss66 S7.00] [S255, Saae S571, S6.76) [53.03, S4.05: S5.06: 56.07)
X4 [53.47, S525 Se68 Sg.00] [53.10/ Sa92 Se21, 57.23] (5273, Sa24: S527, S6.28] [53.20, Saa1, S5.96/ 57.00)
Xs (5207, S3.68 S5.00 S6.27) [51.36 S246: 5423 Se.17) (52,74, Sa.45: S5.46: Se.47) (5364, S4.17, Ss.62: 57,06
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Based on the TFLPWHA operator, the decision steps are as follows:
Step 1”: See step 1.
Step 2”: Utilize the TELPWHA operator (Equation 34) to aggregate all the individual

decision matrices R(Q), q =123, into the collective decision matrix R* = (?Lj)SX =

({s%,sﬁ”,syil,sw} )5X4 and we get the following table (Table 6):

Step 3”: Utilize expressions in (35) and (36) to calculate the 7;

pi=1,2,..5j=1,2,..4,

it gives
1 0.4925 02308 0.1289
1 05486 02371 0.1603
T3] = |1 05836 0.3291 0.1635
1 06097 0.3533 0.1781
1 04647 0.1796 0.0936

Step 4”: Aggregating all trapezoid fuzzy linguistic variables 7,/ = 1,2,...,n by using
the TFLPWHA operator (Equation 39) to derive the overall trapezoid fuzzy linguistic
variables 7;,i = 1,2, ..., m of the teachers X;:

ry = [52.48733.687S5A28as641]ar2 = [5268’S4A11755.45736456]7r3 = [82.77,S4,42785A667S7A11]
ry = [52.757S4.69756.12,S7.29], rs = [51.70a53.25754.82756.29]-

Step 5”: Comparing each r; with all r, i, k=1, 2,...,5, by Equation (3) and let py = p(r; = ),
and then constructing the possibility matrix

0.5000 0.4558 0.4050 0.3696 0.5766
0.5442 0.5000 0.4463 0.4084 0.6204
P = 105950 0.5537 0.5000 0.4615 0.6661
0.6304 0.5916 0.5385 0.5000 0.6974
0.4234 0.3796 0.3339 0.3026 0.5000

Now, summing all the elements in each row of matrix B, we have

py = 2.3070, p, = 2.5193, p, = 2.77623, p, = 2.9579, p. = 1.9395.

Ranking all the teachers X;, i =1, 2, 3, 4, 5, in accordance with the values of p;, i =1,
2, 3, 4, 5, we have

X4>X3>X2>X1>X5,
then
ra>r3>ro>ri>rs.

Thus, X, is still most desirable alternative.

Table 6 Collective trapezoid fuzzy linguistic decision matrix R* (for TFLPWHA operator)

G

Gy

Gs

Gy

X
X
X3
Xa
Xs

5239, 5359, 5537, 5638

52931 5442 S568/ 5672

[ ]
[ ]
[53.05/ Sa47, Ss87, S7.62]
[S250/ 493 Se57: S7.95]
[ ]

5182/ 5365 55001 56.26.

5225, 5345, 5502/ S6.15.

51,94, 5333, 5454, 5575

[ ]
[ ]
[53.03/ Sa63: Ss64: S7.00]
[53.08/ Sa64: Se.051 57.00]
[ ]

S1.24: 5234, 5418 56.15

5333, S4.44, 5550, 5683

54001 55.18/ 57.12: 58.03

[ ]
[ ]
[S1.86/ Sa.10: S5.42: S6.51]
[S266/ S4.12 S5.17: S6.20]
[ ]

$256/ 5438/ 55401 5642

5329, 5429 5529, 57.00.

53171 5433, 56,00/ 57.00.

[ ]
[ ]
(53,11, Sa11, Ss110 6,11
[53.82/ Sag2 Se19r 57.10)
[ ]

$3.73/ S4.29: 55801 5731
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Conclusions

In this paper, we explored multiple attribute group decision-making problems in which the
attribute and decision makers are at different priority levels, and the decision information
provided by decision makers takes the form of trapezoid linguistic variables. Motivated by
the idea of prioritized weighted aggregation operators [42,43], we have developed some
prioritized weighted aggregation operators for aggregating trapezoid fuzzy linguistic
information: the TFLPWA operator, the TELPWG operator and the TELPWHA oper-
ator. A number of properties of the proposed operators have been proved. Then, we
have developed an algorithm to solve the trapezoid fuzzy linguistic multiple attribute
decision-making problems in which the attributes and decision makers are in different
priority levels. Finally, a numerical example is given to verify the developed approaches
and to demonstrate their practicality and effectiveness.
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