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Introduction

Over the last decades, the theory of fuzzy random variables has been extensively devel-
oped. A fuzzy random variable has been extended as a vague perception of a real-valued
random variable and subsequently redefined as a particular random set, see e.g., [1-5].
We review several researches on this topic. A strong law of large numbers for fuzzy ran-
dom variables was given by Miyakoshi and Shimbo [2]. Klement et al. [6] established a
strong law of large numbers for fuzzy random variables, based on embedding theorem as
well as certain probability techniques in the Banach spaces. Taylor et al. [7] proved a weak
law of large numbers for fuzzy random variables in separable Banach spaces. Joo et al. [8]
established Chung-type strong law of large numbers for fuzzy random variables based on
isomorphic isometric embedding theorem. Fu and Zhang [9] obtained some strong limit
theorems for fuzzy random variables with slowly varying weight. It should be mentioned
that although the concept of variance has been found very convenient in studying limit
theorems, but, as the authors know, the limit theorems for fuzzy random variables based
on the concept of variance has not been developed, except in the works by Korner [10]
and Feng [11]. Korner [10] proved the strong and weak laws of large numbers for fuzzy
random variables. Based on a natural extension of the concept of variance, he extended
Kolmogorov’s inequality to independent fuzzy random variables and derived several limit
theorems. Their methods are direct applications of classical methods in probability theory
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to fuzzy random variables. In this paper, some moment inequalities for fuzzy martingales
are established and convergence theorems of such fuzzy random variables are studied.
We survey some topics in real-valued martingale theory and fuzzy martingale theory. The
term martingale originates from the gambling theory. The famous gambling strategy to
double one’s stake as long as one loses and leave as soon as one wins is called a martin-
gale. Now, if a gambling value is vague with a certain membership function, the pervious
strategy is called fuzzy martingale. A classic interpretation of martingales in the context
of gambling is given as follows. Let X, represent the fortune of a gambler at the end of
the nth play, and let 7, be the information available to the gambler up to and including
the nth play. Then, F, contains the knowledge of all events like {X; < r, forr € R,j < n}
making X, measurable with respect to F,,. The mathematical definition of martingale
(E(Xy+1|Fn) = X,,) says that the given all the information up until the end of the nth play,
the expected fortune of the gambler at the end of the (# 4 1)th play remains unchanged.
Thus, a martingale represents a fair game. In situation where the game puts the gambler
in a favorable position, one may express sub-martingale i.e., (E(X,,+1|F,) > X,). Itis men-
tioned that limit theorems play important roles in studying some practical instances of
martingale theory such as extinction in branching process and bankruptcy in investment
problems like portfolio selection.

The concept of fuzzy martingale and its properties is introduced and studied by Puri
and Ralescu [12], Stojakovic [13], and Feng [14]. Puri and Ralescu [12] proved some con-
vergence theorems of martingale. Stojakovic [13] discussed the properties of martingales.
Feng [14] studied fuzzy conditional expectation and fuzzy martingale and investigated
some results on convergence of fuzzy martingales. Fei et al. [15] and Fei [16] obtained sev-
eral results on stopping theorem for fuzzy (super-, sub-) martingales with discrete time.

The rest of this paper is organized as follows. In Section ‘Preliminaries’, we briefly
review some preliminary concepts of fuzzy arithmetic and fuzzy random variables. In
Section ‘Moment Inequalities’, several useful inequalities are provided for fuzzy martin-
gales. In Section ‘Convergence Theorems’, some limit theorems are established to fuzzy
martingales. The conclusions are discussed in Section ‘Conclusions’.

Preliminaries
In this section, we provide several definitions and elementary concepts of fuzzy arithmetic
and fuzzy random variables that will be used in the next sections. For more details, the
reader is referred to [14,17,18].
Define F(R) = {&1 : R —[0, 1] | # satisfies i to iii}; where (i) & is normal, (ii) # is fuzzy
convex, and (iii) & is upper semicontinuous. Any iz € F(R) is called a fuzzy number.
Forau € F(R), [u]" = {x € Rli(x) > r,0 < r < 1} is called the r-level set of .

We use the notations @, ©, and ©, which are defined as follows in this paper:

() [a®bl=[a ) +b (r),at @) +bT ().
(i) Ifx >0, then[ArO®al =[ra"(r),rat(r)].
ii) Ifi <0, then[AOal =[rat(r),ra"(r)].

) laebl =[a~ () —bt),at () — b= ().

(iii

(iv
1

Let &7 € F(R), and set dp(@7) = (fy W@l ,(71)dr)" 1 <= p < oo

doo (i1, V) = supy_,<1 h([#]",[V]"), where / is the Hausdorff metric, i.e., h([@]", [V]") =

max{|u~(r) — v~ ()|, |lu (r) —vt(r)|}. Norm ||iZ||, of a fuzzy number iz € F(R) is defined
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by il = dp(i, 0), where 0 is the fuzzy number in F(R) whose membership function
equals 1 at 0 and zero otherwise. The norm ||.||c of # is defined by ||#||cc = doo (i, 0).
The operation (.,.) : F(R) x F(R) —[—o00, 00] is defined by (&%, V) = fol(ﬁ_(r)fz_(r) +
@t (r)v* (r))dr. If the indeterminacy of the form oo — oo arises in the Lebesgue integral,
then we say that (i, V) does not exist. It is easy to see that the operation (.,.) has the
following properties:

i
(ii)  «
(i) (& + VW) = (i, W) + (3, W).
(i)
v

For all ,v € F(R), if (#,u) < oo and (V,¥) < oo, then the property (v) implies that

(i1, V) < 00. So, we can define d, (i1, V) = \/(12, u) — 2(u, v) + (v, v). In fact, d, is a metric
in {&t € F(R)|{&, &t) < 0o}.

Moreover, the norm ||i||, of fuzzy number &z € F(R) is defined by ||i||, = dx (i, 0).

Let (2, A, P) be a probability space. A fuzzy random variable (briefly, FRV) is a Borel
measurable function X : (2, 4) — (F(R), dyo) [14]. Let X be a FRV defined on (2, A, P).
Then [X]" =[ X~ (r), X" ()], r € (0,1], is a random closed interval, and X~ (r) and X (r)
are real-valued random variables. A FRV X is called integrably bounded if E||X||o < 00,
and the expectation value EX is defined as the unique fuzzy number which satisfies the
property [EX) = E[X],0 <r<1[3]

Definition 1. ([14]) Let X and ¥ be two FRVs in L, (Ly = {X|X is FRV and E[|X||3 <
oo}), then Cov(X,Y) = %fol (Cov(X~(r), Y~ (r)) + Cov(X*(r), YT (r)))dr. Specially, the
variance of X is defined by Var(X) = Cov(X, X).

Theorem 1. ([14]) Let X and Y be two FRVs in Ly and i1,V € F(R) and A, k € R. Then

(i) Cov(X,Y)=L(EX,Y)— (EX,EY)),
(i) Var(X) = 3Ed>(X,EX),
(iii)  Cov(AX @ i1, kY @ 7) = AkCov(X, Y),
(iv)  VarOX & u) = A2Var(X),
v) Var(X®Y) = Var(X) + Var(Y) + 2Cov(X, Y).

Definition 2. ([19]) The D, , distance, indexed by parameters 1 < p < 00,0 < g <1,
between two fuzzy numbers # and v is a nonnegative function on F(R) x F(R) given as

follows: Dy, (ii, 7) = [(1 —q) [Hir ) - dr+q [ it o) - OF dr]i .

Remark 1. If p = 2,9 = %, then the metric D, , is equal to the metric dy; for more
details, see [16].

To prove the main results, we need to apply an order relation. Thus, we use notations
<, >, %, and > defined as follows [18]:

ifand onlyifa™(r) < b~ (r) and at(r) < b+ (r) ¥r €[0,1].
ifand only ifa™(r) > b~ (r) and a*(r) > b+ (r) ¥r €[0,1].

G) a<b
() a=b
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(iii) a =<
a>

bifand onlyifa=(r) < b~ (r)anda™(r) < b*(r) ¥r €[0,1].
(iv) axb

ifand only ifa™(r) > b~ (r) and a™ (r) > b™ (r) Vr €[0,1].

Definition 3. ([20]) Two fuzzy random variables X and Y are called independent if two
o-fields 0 (X) = o (X~ (), X ()|r €[0,1]}) and o(Y) = o ({Y~ (), YT (r)|r €[0,1]})

are independent.

Definition 4. A finite collection of FRVs {Xk: 1 < k < n} is said to be independent if
o -fields a({f(,: (r),)~(,:r (r)|r €[0,1]}]1 < k < n) are independent. An infinite sequence
{X,,,n > 1} is called independent if every finite sub-collection of it is independent.

Definition 5. ([15]) A fuzzy conditional expectation of X with respect to the sub-o field
B of A, denoted as E(X|B), is defined as a FRV which satisfies in the following conditions:

(i) E(X|B) is B- measurable.
i) [ EX|B)dP = I3 XdP for every B € B. Note that I3 XdP is the Aumann integral
of the FRV X [21].

Proposition 1. ([15]) The fuzzy conditional expectation has the following properties:

(i) E@OX®boY|B)=@0EX|B)® (boEXY|B)) as.
(ii) X is B-measurable, then E(X|B) = X a.s.
(iii) EE(X|B) = EX.
(iv) IfX <Y as. then EX|B) < E(Y|B) a.s.
(v)  deo(E(X|B), E(Y|B)) < E(doo(X, Y)|B) a.s. and consequently

IEXIB)lloo < E(1XlIoo]B) a.s. (1)
Definition 6. ([15]) The sequence {X,,, B,,} of fuzzy random variables and o -algebras is

called a fuzzy martingale if we have, for each n > 1:

(a) X, is B,-measurable and E||X,||o < 00.
b)  EXnt11Bn) = X,

The sequence {X,,, 3,} is called a fuzzy sub-martingale if property (b) is replaced by

(b’) E(Xn+1|8n) > Xn-
For more on fuzzy martingale and related topics, see e.g. [11,15,22].

Definition 7. ([20]) Let X and X, be FRVs defined on the same probability space
(2, A,P).
(i) Wesay that (X} converges to X in probability with respect to the metric d if

limy,— oP(w : d(Xp (@), X (@) > €) =0, Ve > 0.

(i)  We say that {X,,} converges to X almost surely (briefly, a.s.) with respect to the
metric d, if

P(w : limy_ 0od(Xp(@), X(w)) = 0) = 1.
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(ili) ~ We say that {X,,} converges to X in L? with respect to the metric d, if

E%dz(f(,,,f() — 0, as n — .

It is mentioned that in the literature of probability theory, convergence in probability
and almost surely convergence are called weak and strong convergence, respectively.
Throughout the paper, Sy = @f’zl)N(i and F,, = o (X1,. .., Xn).

Moment Inequalities
In this section, we prove some basic inequalities for fuzzy martingales.
The following lemma is essential to obtain our main results.

Lemma 1. If {X,,,n > 1} is a sequence of FRVs such that E(X,|F,_1) = 0, foralln > 1,
then (S, F} is a fuzzy martingale.

Proof. By using linearity property of conditional fuzzy expectation, we obtain
ESulFu-1) = ESu-11Fu-1) ® EXul Fu)-
Since S,,_ is F,,_1 measurable and E(X,,|F,_1) =0 V 1 > 1, we have
ESulFu-1) = St

This completes the proof. O

Corollary 1. If{X,n > 1} is a sequence of independent FRVs such that E(X,;) = 0,Y n > 1,
then {S,, Fp) is a fuzzy martingale.

The above corollary shows the importance of independence in this paper, which is used
in the examples.

Remark 2. If {X,,,n > 1} is a sequence of fuzzy random variables, then (S, Fu} is not
always fuzzy martingale.

Example 1. If {X,,n > 1} is a sequence of nonnegative fuzzy random variables, then
(S, Fn} is not a fuzzy martingale, but it is a fuzzy sub-martingale.

Theorem 2. If {S,,, F;,) is a fuzzy martingale, then there exists a constant C depending
only on p such that

~ n ~
i) EliSullhy < CY EllXillhg Ypell,2] and q€[0,1]
i=1

(i) EllSallh, < Cn

14

E||)~(,-||§,q Vp>2and q<[0,1]

n
=1

where, S, = @;‘:15@%
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Proof. We have done the following:

(i) By invoking Fubini’s theorem (FT, for short), Burkholder’s inequality (B, for short),
and C, inequality (C, I, for short), we obtain

1
ElfSal, = E /0 A3 + (1= IS (P dr

1
:/ qEIS; (NI + (1 — @EIS,, (r)Pdr (FT)
0

IA

1 " V4 - = P
C /0 gE1 Y [X 0] 18+ - E Y [X7 ] 18dr BD

i=1 i=1

IA

n 1
CY | qEIXF (P + (1 — @E|X; (r)Pdr (C, 1)
—5 J0

n
CY ElXillhg.

i=1
(ii)  Fubini’s theorem (FT), Rosenthal’s inequality (RI), C, inequality, and conditional
Jensen’s inequality (CJI) imply that

1
El|Sullpg = E/O q4IS; O + 1 = @IS, (nPdr

1
= f gEIS (MIF + (1 — @)E|S,, (r)[Pdr (FT)
0

1 n % n
sf q E<ZE(5(+2(r>|f« 1)> +ZE|5(,.+(r)|P
0

i=1

i=1

’%/ {ZE[ (X+ M Fio ]
+ (1-g) Z {E £ ()?f(r)m_l)]%

1 n
Cn' /0 q iZEEqu(r)Wm_l) +EIXF (r>|P}
i=1

p
2

+1-q (ZE (%2017 1> +ZE|X (NIP § dr (RD)

I A

+E|X+<r)|1”}

+ E|)~(i+(r)|p} dr (C, )

IA

+ (1= q) Y _{EE(X; (0IPIFimy) + EIX; (n)1P} dr (CJT)
i=1

n 1
=Cnt Y E f X P + A = pIX7 ()Pdr (FT)
i=1 70

n
P ~
Cn2 Y " ElXillhg.
i=1

It should be noted that the above theorem is a generalization of Theorem 2.11 of [23] to
fuzzy martingales.
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Now we state and prove two theorems which are extensions of Theorem 2.13 in [23]
and Theorem 9.5 of [24], respectively.

Theorem 3. If {S,, F,} is a fuzzy martingale, then there exists a constant C depending
only on p such that

n
ED3 (@}, Xi, ®f_, EXi| Fi1)) < C Y ED3 [ X, EXil Fie)], Y q €[0,1].
i=1

Proof. 1t is obvious that {7 ,[X;"(r) — EX; (N Fi—1)], Fu} and {37 [X; (r)—
E(f(i_ M| Fi—], .7-',,} constitute ordinary martingales. Also, it is easy to see that

E[X(r) — EX (0| Fi))? = ELXF () —ELEX (0| Fi))? Yrelo1], ()
and

E[X () — EX OIFn] =E[X 0] —E[EX 0IFn]” ¥Yrelo1]. ©)

By invoking Fubini’s theorem, Burkholder’s inequality, and relations (2) and (3), we
obtain

E D3 (S, ®fL ECX;T (11 Fim1)

n

1 n 2 2
=E /0 1-q (Z[Xf(r)—E(f(mﬂ_l)]) +q<2[5q<r)—E(X,-(r)|ﬂ_1>]> dr
i=1

i=1

n

1 n 2 2
/0 (1 —qE (Z [Xﬂr)—E(X,.*(r)ml)]) +qE (Z [Xi<r>—E(X,.|fi1)]> dr
i=1

i=1

IA

1 n n
c /0 1 -9 Y E((X ) - EX 0IF-0)) +a > E(X ) — E&; (0IF-p)])* dr
i=1

i=1

nooa
cy” /o A - |E[X 0 —E[EE 01F-0] +a |E[X 0 ~E[EE ()1 F-0] )} ar
i=1

n 1
cYE /0 a -9 [ o] - [E&G o170} +a [ 0] - [E&G 01F-0) | ar
i=1

n
C> ED3, [Xi EKilFiiv)].
i=1

Theorem 4. If (S, F} is a fuzzy martingale and 1 < p < 2, then

n
Emax§p<C E|LX|E .
max |15l < le e
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Proof. By using monotonicity property of integral (MPI, for short), Fubini’s theorem,
Burkholder’s inequality, and C, inequality, we obtain

1
E max ||Sk||§,q = E max / q|S,J<r(r)|p + 1 = IS, (nFdr
1<k<n 1<k<n Jo
1
< Ef {q max |S(nP + (1 — ) max |Sk|p}dr (MPI)
0 1<k<n 1<k<n

1
= / {qE max |S;<L(r) P + (1 — 9)E max S, () |p} dr (FT)
0 1<k<n 1<k<n

b p

1 n 2 n 2
C / qE (Z(}“{ﬂr»Z) +1—-9E (Z<5(;(r))2) dr (BI)
0 i=1

i=1

IA

1 n n
=C f {q EXS (P + (1 -9 ZEIX,-(r)II”} dr (C, 1)
0

i=1 i=1

n
CY ElXillhg-
i=1

Convergence Theorems
In this section, by invoking theorems of previous section, we establish some weak and
strong convergence theorems for fuzzy martingales.

Theorem 5. If {X,,, F,,} is a fuzzy martingale, then

Ed2 (X, Xin) = E||Xull2 = El|Xnl|2, forn > m.

Proof. By invoking Fubini’s theorem and orthogonality lemma of ordinary martingale
(OLOM, for short), we obtain

Ed (X, Xm) = E /0 1 {1X: ) = X, 01 + X5 () = X (0P} dr
= /0 1 {EIX, (0 = X, P + EIXS () = X (0P} dr (FT)
= /0 1 {EIX; 0P = EIX, ) + EIX; (01 — EIX;,(n)1*} dr (OLOM)
= E|IXall — Ell Xl 3.
O
Note that Theorem 5 is a generalization of Lemma 10.4.1 of [24] to fuzzy martingales.

Corollary 2. If{f(,,, n > 1} is a fuzzy martingale such that sup,,>, E||)~(n||£ < 00, then
(X, n > 1} is Cauchy convergent in L* with respect to the metric d.

Lemma 2. If{X,, F,) is a sequence of FRV, then

NEX 11 F)l12 < EQXs11121F0)-

Page 8 of 14
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Proof. By using conditional Jensen’s inequality and Fubini’s theorem, we obtain

1
NEK i1 | Fll2 = /0 (B (XL ()1 Fn) + B> (X, ()| F) } dir

1 _ 5 . ,
< /0 {E ({X;+1(7')} |-7:n) +E ({Xn+1(r)} |]—"n)}dr (CJD)
= E(IXu1llZ1F) (FT).
O

Corollary 3. If{)~(n, n > 1} is a fuzzy martingale, then {||)~(n||§, n > 1} is a real-valued
sub-martingale.

Theorem 6. Let {S,, F,} be a fuzzy martingale and p > 2, then “%” — 0 in probability
with respect to the metric Dy 4 if

n
~ )4
Y ElXillhg = o(n?) as n— oc.
i=1

Proof. By using Markov’s inequality and Theorem 2, the proof is straightforward. O

Example 2. Let {X,,, n > 1} be a sequence of independent fuzzy random variables with the
following membership functions:

x—=Xn(w) Xu(w) < x < 2X, (),

Xn(w)
Koy @ = | Zr™ 2Xu(@) < x < 3X,(w),
0, otherwise,

where {X,,n > 1} is a sequence of independent random variables with the following
probabilityP(Xn = nﬂ) = % = P(Xn = —nﬁ).
It is easy to see that

a4
1 Xl lpg = WpglXul?,
where

q 1 L—q p +1

Wy = —— [T — 1] — — [2¢7F1 — 37t

We want to prove that y -, E||)~(i||5,q = o(n%), ie, L Y%, PP — 0asn — oo. By using
n2

Kronecker’s lemma, it suffices to show that

=1
DRI
p(53—B)

n=1"

Ifp > ﬁ, then

21
YL
n=1 np(f_ﬂ)

By using Theorem 6, we obtain 57" — 0 in probability with respect to the metric Dy, as

n — oQ.
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The following theorem is an extension of Theorem 2.13 in [23] to fuzzy martingales.

Theorem 7. Let {S,,n > 1} be a martingale and {b,} be a sequence of positive constants
with b, 1 0o. Then b,'S, — 0 in probability with respect to the metric Doy, if

n

> PlIXillag > by) — 0, (4)

i=1
n

by' > NEXil Fiop)llag — O in probability, (5)
i=1
n

b, > Y {ED3 [ Xui EKil Fi1)] } = 0, (6)
i=1

where, X,; = Xi1{||)~(f||2,q§n} and S, = ®7_ 1 X;.

Proof. Suppose that S,,, = @?:15(;1,;" It is easy to see that
b, 18ull2q < by " Dag (S Sun) + b 1Sunl g 7)
We want to prove b;l 118, |2 — 0 in probability. By using relation (7), we should prove
that (a) b;ng,q(S',,, Sun) — 0and (b) b;1||§m,| l2,4 — 0 in probability:
(a) Foreache > 0, we have

P(b;lDz,q(Sn,S},n) > €) = P(Sy # Sun)

n
< Y P(IIXillag > bu) — .
i=1
Thus, b;ng,q(S'n,gn,,) — 0 in probability.
(b) By using sub-additivity of the metric D, 4, we obtain

b, 1Sunll2g < by ' Dog (S S EXuil Fim1)) + 1| @7y EXonil Fie1) -
The sub-additivity of the norm ||.||4, and condition (3) imply that b, Y| oL,
EXil FieD)ll2g < by Y0y IIEKil Fi—1)ll2,4 — O in probability.
It remains to show that b;; 1Dz,q(S,m, f’zlE(f(nil.E_l)) — 0 in probability.
By using Markov’s inequality and Theorem 3, we have
ED3 (Sun @1 EX il Fi-1))
b2e?
CYoimy ED3 [ (Xniy EXnil Fio1))
< -0

2.2
bie

P(b; Do (S @ EXil Fio1)) > €) <

This completes the proof. O

The following example is an evidence of Theorem 7.

Example 3. Suppose that {X,,,n > 1} is a sequence of independent FRVs with the following
probability function:

- - 1
PX,=n"%n)=PX,=—n%) = >’

Page 10 of 14
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where it is a fuzzy number such that ||it||p,q = 1. It is obvious that
n
@) Y P(IXillag > m) =0.
i=1
We want to show that
n
(ii) 1Y NEKuil Fi-1)llng — O in probability.
i=1

By invoking Markov's inequality and Lemma 2, we obtain

S ENEK il Fim)ll2g

ne

n
P Y EXul Fio)llag > €) <
i=1

1 ~
Yoy EE2 (11Xl 13 4| Fie1)

ne

n

1 1

ne o
i=1

By using Kronecker’s lemma % Y l% — 0, and consequently

n
n' Y E(Xuil Fi-1) — 0 in probability.
i=1

It remains to show that
n
(iii) n~2 Y " ED3 (X, EXuil Fio1)) > 0 as n — oo,
i=1
It is easy to see that

n n
_ - 8 _ 1
n Y EDS Koty EX il Fit) = ™2 ) o
i=1 i=1

By invoking Kronecker’s lemma, we obtain n=>y 1, 12% — 0 and thus,

n
n? Y ED3 (X, EXil Fic1)) — 0 as n— oc.
i=1

Therefore, all of the conditions of the above theorem hold, thus Sn—” — 0 in probability with
respect to the metric Do 4.

Theorem 8. Let {S,, F,} be a fuzzy martingale. If forall 1 < p < 2, {||)~(n||§,q,n > 1} is
uniformly integrable, then n2E||S,| |Z,q — 0asn — oo.

Proof. By invoking Theorem 2, we obtain

n
EllSallhg = CY ENXillh g
i=1
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Since { ||)~(V,||§,q,n > 1} is uniformly integrable, by invoking Theorem 5.4.1 in [24]

supn21E||)~(n||§,q < ooi.e,dM s.t. supn21E||)~(n||§,q < M. Hence,

n
ElSullhq < C Y EllXillhg
i=1

a4
< Cnsup, - El| Xullpq

< CuM.
So,
n2E||Sullhg < Cn M,
which implies that n2E||S,,|[5,, — 0. O

The above theorem is a generalization of Theorem 2.22 in [23] to fuzzy martingales.
Example 4. Suppose that {X,,n > 1} is a sequence of independent Fs with the following
probability function:

< 1~ 1 - —u 1
PX,=n"u)=—, P|Xy=—)=1——,
n nn—1) n

where 11 is a_fuzzy number with the following membership function:

V6 V6 V6

- 6

ux) =1-—-lal, ——-=x=—-.
It is easy to see that ||)~(,,||§,q is uniformly bounded and, consequently, is uniformly
integrable. Thus, by invoking Theorem 8, n~2E 1S, |§,q — Qasn — oo.
Theorem 9. If (S,,, .} is a fuzzy martingale such that 3% L ElIX,| |§,q < ooforallp €
[1,2], then 69;,“;15(,, converges almost surely with respect to the metric Dy 4. In particular
case, éBff:l)N(,, converges almost surely with respect to the metric dy if Y, Var(X,) < oo.

Proof. The completeness of the metric space (E, Dp,) implies that 692215(,, converges
almost surely with respect to the metric Dy g iff supy,, Dy 4 (St S») — 0 in probability as
n — o0o. Let n < m, and consider a Cauchy sequence. Theorem 4 implies that

E maXy<k<m Dz,q(g’kx S’}’l)
194

P( max Dpy(Sp,Sy) > €) <
n<k<m

k .
_ Emax,<pm | @iy Xillpg
= >

m
<C Y ElXilbg
i=n+1

Now, letting m — oo, we have

C ZZO:;'HI E| |)~(k| |§,q

P(supr,q(gk,Sn) >€) < >

k>n

— 0 as n — oo.
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Example 5. Let {X,,,n > 1} be a sequence of independent fuzzy random variables with the
following membership functions:

2X0) - X () < x < 2X,(w),

Xn(w)
K@ = | O 90X, () < & < 3X,(w),
0, otherwise,

where {X,,,n > 1} is a sequence of independent random variables such that Var(X,) =
nPo?. By consideringp = 2 and q = %, we have EDZ,]()?,,,E)?”) = Var(X,,). For establish-
ing a strong convergence of {S,,n > 1} with respect to the metric Dy,y, it remains to show
that 3 0% | Var(X,) < oco. It is easy to see that Var(X,) = %nﬂoz, and Y 0% Var(X,) =
% Y nP < oo, where B < —1. Therefore, Theorem 9 implies that Qaflozlf(n converges
almost surely with respect to the metric Dy,

Conclusions

In this article, we extended some well-known inequalities to fuzzy martingales based on
the metric D, 4. Also, by invoking these inequalities, we established some limit theorems
for fuzzy martingales. It is mentioned that if fuzzy random variables reduce to ordinary
(real-valued) random variables, all results hold. The study of weak convergence and strong
convergence of fuzzy sub-(super-) martingales is a potential topic for future research.
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