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Abstract

One of the applications of linear programing is to get solutions for fully fuzzy linear
system (FFLS) when the near-zero fuzzy number is considered. This usage could be
applied to interpret the nature of FFLS solution according to the nature of FFLS
solution in the work of Babbar et al. (Soft Comput. 17:1-12, 2012) and Kumar et al.
(Advances in Fuzzy Systems 2011:1-8, 2011). This paper shows that the nature of FFLS
solutions must not depend upon the nature of linear programming (LP) solutions,
because LP is not enough to obtain all the exact solutions for FFLS which contradicts
the claims of researchers. Counter examples are provided in order to falsify those
claims. Numerically, we confirm that the nature of the possible way of solving FFLS is
completely different from that of the linear system. For instance, FFLS may have two
unigue solutions which contradict the uniqueness that can be obtained through only
one unigue solution.

Keywords: Fully fuzzy linear system; Fuzzy number; Near-zero fuzzy number; Linear
programing

Introduction

Linear system of equations is the simplest framework and the most beneficial mathem-
atical model for many problems considered by applied mathematics. In practice, unfor-
tunately, the accurate values of coefficients of these systems are not available and not
well defined in many applications. This uncertainty may either be probabilistic or non-
probabilistic in nature. Accordingly, mathematical tools were developed to represent
and deal with vagueness and fuzziness. The response is the fuzzy theory, which pro-
vides a widely appreciated tool and representation of these uncertain data in many
fields.

Zadeh was the pioneer in the field of fuzzy sets and systems in [1,2]. The application
of this theory, in linear system of equations where the elements of the matrix are crisp
numbers and the elements of vector are fuzzy numbers, leads to a new system called
fuzzy linear system (FLS). On the other hand, it is called fully fuzzy linear system
(FELS), when the all elements are fuzzy numbers. The problem for solving the fuzzy
systems is that, we must use methods without using inverse operators, because the ex-
tended operation on fuzzy numbers, subtraction and division of fuzzy numbers are not
the inverse operations to addition and multiplication, respectively [3,4].
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Buckley and Qu in [5,6] discussed the theoretical features of the existence of a solu-
tion of fuzzy systems, they provided categories of solution for FFLS as the classical so-
lution X, the vector solution X, and the marginal solutions Xy and X;. Their methods
were generalized in [7] to a fuzzy system of equations Ajx+ by = Ay x + by, where A,
Ay, by, and b, are fuzzy matrices of fuzzy numbers.

The first achievable approach of FLS was obtained in [8], where they proposed a gen-
eric model for solving an n x n FLS by employing the embedding approach. The most
available study of FFLS was obtained in [9]; they studied a special case, where all coeffi-
cients and parameters are positives. In their study, they declared that there are infinite
numbers of scenarios and states that can be constructed from an FFLS. The methods
of finding a solution for these scenarios of FFLS create new scenarios of fuzzy system
which are based on these actual scenarios of FFLS [10].

Dehghan and his colleagues in [11-13] found the solution for FFLS where the coeffi-
cient and parameters are positive; their methods were based on the positivity case in
the approximate arithmetic operators on LR fuzzy numbers in [14]. Furthermore,
scholars in [15-18] and [19-23] proposed new methods for solving FFLS in a similar
case to Dehghan and his colleagues. In [24-27], researchers generalized methods for
solving FFLS where the coefficients and the parameters are not only positive, but they
also restrict the signs of coefficient or parameters only to positive or negative in one
side of FFLS in an attempt to avoid the near-zero triangular fuzzy numbers in both
sides of FFLS. In [28], Kumar et al. obtained an exact and infinite positive solution for
positive FFLS; moreover, they employed a similar technique to find a positive solution
for negative FFLS in [29]. In [30], Malkawi et al. proposed new matrix methods for
solving a positive FFLS, the necessary and sufficient condition to have a positive solu-
tion was discussed, and their methods and results were also capable of solving left-right
fuzzy linear system (LR-FLS) and FLS.

n [31], they found approximate solution for FFLS; the near-zero fuzzy numbers are
not included. They proposed a numerical method founded by a fuzzy neural network
denoted by FNN. The method was restricted by many constraints. The method can
solve only when the system has a unique fuzzy solution and the matrix has to be
squares which prevent extension of the method to solve a rectangle matrix A. To over-
come the shortcomings in previous methods, the researchers relied heavily on linear
programming (LP) to propose methods that can consider the near-zero triangular fuzzy
numbers in both sides of FFLS in [32,33]. The authors in the two studies declared that
the nature of the solutions of the FFLS depends on the nature of the solutions of the
LD, i.e., the possible way of solution for FFLS may not be a single unique solution but
infinitely many solutions.

Unfortunately, LP can give answers to the linear system but not in FLS and FFLS. The LP
technique cannot obtain all feasible solutions for FLS and FFLS. Kumar and his colleagues
illustrated examples of one solution while it has two unique fuzzy solutions or infinite num-
ber of solutions as will be illustrated through examples in this paper. Also, they added many
restrictions to the systems. These restrictions required many steps and longer time to reach
the ultimate solution; moreover, their examples did not exceed fuzzy matrix A of size n = 2.
However, all examples in the literature do not exceed fuzzy matrix A of size 2 x 3, if the
near-zero LR fuzzy number appears in both hand sides for FFLS.
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In this paper, we show that the nature of the solutions of the FFLS is completely dif-
ferent from the nature of the solutions of the LP and that it is insufficient to obtain all
exact solutions for FFLS, using numerical examples. We employed the results from this
survey as examples for LP methods in specific studies in [32,33] to declare that the
consistency or possible solution for FFLS is not similar to the known consistency con-
cept in the linear system. For instance, the FFLS may yield two unique solutions or
many infinite solutions despite that it is constructed by only one equation. Also, the
number of solutions in non-square FFLS does not depend on the number of equations
compared with the number of parameters.

The structure of this paper is organized as follows: in the ‘Preliminaries’ section, the
basic definitions of the fuzzy set theory are provided. In the ‘Fully fuzzy linear system’
section, we intend to illustrate the concept of FFLS, and hence, a brief summary on
solving the FFLS using LP technique is provided. The dissection is contained in the
‘Numerical examples’ section where the problems in LP technique are pointed out nu-
merically. In this section, many examples are solved by other methods in the literature
or directly by an associated system; however, the verifications of numerical examples
are provided. Since the verification of the solutions may be obtained also using distance
metric function [34], some examples are verified by distance metric function. We pro-
vide the final result without considering the used methods because the aim of this
paper is to show the weakness of the LP method to detect all exact feasible solutions,
and we want to confirm that the nature of solution for LP which has been gained by
optimal solution cannot explain the nature of the solution for FFLS. In the ‘Conclusion’
section, we conclude the paper.

Preliminaries
In this section, basic definitions and notions of fuzzy set theory are reviewed
(114,35,36]).

Definition 1. Let X be a universal set. Then, we define the fuzzy subset A of X by
its membership function y; (x) : R—[0; 1] which assigns to each element x € X a real
number p;(x) in the interval [0,1], where the value p;(x) represents the grade of
membership of x in A.

A fuzzy set A is written as A = { (x, p; (x)), x€X, pu; (x)€[0, 1] }.

Definition 2. A fuzzy set A in X = R" is convex fuzzy set if
Vx1,x,€X,VA€[0, 1],
pi (Axr + (1=-A)xz) = min (s (x1), o5 (x2)) -

Definition 3. Let A be a fuzzy set defined on the set of real numbers R. A is called
normal fuzzy set if there exists x € R such that y; (x) = 1.

Definition 4. A fuzzy number is a normal and convex fuzzy set, with its membership
function y; (x) defined in real line R and piecewise continuous.

Definition 5. (Left-right fuzzy number) A fuzzy number m is called left-right fuzzy
number, abbreviated as LR fuzzy number, where its membership function satisfies
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L(M),forxan,oc >0,
a

W (%) = 1)
R(x_Tm)forme, B >0,

where m, a, B € R
and the function L(.) is called a left shape function if the following hold:

1. L(x) = L(-x)
2. L(0)=1,L(1) = 0

3. L is non-increasing on [0, o]

Also, the definition of function R(.) which called right shape is similar to that of L(.).
It is symbolically written as 71 = (m, a, ), r, where m symbolizes the mean value, while
a and f are left and right spreads, respectively. We denote the set of LR fuzzy numbers
F(R).

The sign of i1 = (m, a, B),  is classified as follows:

e m is called positive (negative) iff m —a >0 (5 +m <0).
e m is called zero if m =0, a, f=0).
e m is called near zero iff m —a <0< f+m.

Definition 6. Two fuzzy numbers 72 = (n,y,d),; and m = (m,a,f), are called
equal, iff (m=m, y=a, 6 =5).

Definition 7. (Arithmetic operations on LR fuzzy numbers) We will represent arith-
metic operations for two LR fuzzy numbers m = (m,a, ) and 71 = (n,y,8)x as

follows:
e Addition:
(m, 0, ) x® (1, y,0) g = (m+n,a+y, B+ )15 (2)
e Opposite:
~(m, @, B) g = ~(m, &, B) g = (=m, B, a)py (3)

e Subtraction:

(m70£,/)))LR9(71,}/7 6)RL = (m_nva+6’/3)+y)LR (4')

Definition 8. A popular LR fuzzy number is a triangular fuzzy number (abbreviated
TEN), where L = R =max(0, 1 - x); consequently, using (1), its membership function is
given by
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m-x
l-— m-a<x < m,a >0,
a

Halx) = 1—%,m£x<m+/3,ﬁ>0. (5)

0  otherwise.
It is symbolically written as a triangular fuzzy number m = (m, a, f8).

Example 1. The membership function of the near-zero triangular fuzzy number m =
(3,5,4) (Figure 1) is

0, x < -2,
2
tr gcxes,
ale) = P
7-x 3<x<7
R SXs/,
4
0, otherwise.

Note 1. The triangular fuzzy number can be represented in another form; it is derived
if we suppose

a=m-a,b=m,c=m+p. (6)

In this case, it is symbolically written as @ = (ay,a,,a3), or a = (a,b,c).
Then, the membership function for this form is

X—a
— <x<b
b a<x<b,
Ha (%) = ﬂ, b<x<c, (7)
c-b
0, otherwise.

The TEN for m = (3,5,4) in Example 1 is written from (a, b, ¢) as
m = (3-5,3,34+5) = (-2,3,7).

In this paper, we used triangular fuzzy number (TEN) in the form (m, a, f5), and when
a method used the other form (a, b, c), the example rewrites in two forms.

Definition 9. (Kaufmann's approximation for multiplication of TEN) Let m = (m, a, )
and 71 = (n,y, d) be two unrestricted triangular fuzzy numbers

08 -

06

04

02r

L L L

2 2 4 6 8

Figure 1 Triangular fuzzy number m = (3,5,4).
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men= (m”7f17f2)7 (8)
Where

f1 = mn-min{(m-a)(n-y), (m+ B)(n-y), (m+ B)(n +9),
(m-a)(n+9)},

and
fr = max{(m-a)(n-y), (m+ B)(n-y), (m + B)(n + 6), (m-a)(n + 6) } -mn.
Definition 10. A vector X = (%1,%, ...,&n)T is called a fuzzy vector if
QLEF(m),Vl = 1, .., 1.
Definition 11. Let A = (Eti,) and B = (I;,»,) be two m x n and n x p, respectively. We
define AQB = C = (6ij) which is the m x p matrix, where

®

Cyj = Z ai®by;. 9)

In this paper, if A is the fuzzy matrix written in the form (1, a, B), then A" is the
symbol in the form (a, b, c).

Example 2. Let A, B be two fuzzy matrices in the form (1, a, ), where

(-3,5,7) (2,0,1) (2,3,1)
(-5,4,4) (5,3,1) (5,6,1)

6,6,6) (-7,2,1) (0,0,0) |’
)

A= (
(0,0,0)  (1,0,3) (2,2,1
(-3,2,1) (-2,0,1)
B=| (-5,1,4) (3,3,1)
(4,5,1)  (-2,2,5)
Find

1. A®B (in the form (m, a, p)).
2. A'®B’ (in the form (a, b, ¢)).

Solution
1. A®B = t (in the form (m, a, B))
(-3,57) (2,0,1) (2,3,1) _ _
((fi&4) (5,3,1) (5,6,1) o E_?%ig &;gz?
(e (_7727 1) (O, O, 0) ) ’ 9y

(7,50,46)  (8,28,29)

(10,50,63) (15,38, 45)
(17,71,37) (-33,27,33)
(3,30,11)  (-1,11,26)
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2. A ®B = C (in the form (a, b, c))
-8,-3,4)  (2,2,3)  (-1,2,

9 -5, —1 (2,5,6) (-1,5
0,6,12)  (-9,-7,-6) (0,0,0)
(0,0,0) (1,1,4)  (0,2,3)
(-43,7,53)  (-20,8,37)

(-40,10,73) (-23,15,60)

(-54,17,54) (-60,-33,0)

(-27,3,14)  (-12,-1,25)

Remark 1. For determining the distance between two fuzzy vectors, the metric pro-
posed in [37] for triangular fuzzy number is used.

If & = (a,a,B) and b = (b, y, ) are two triangular fuzzy numbers, then Ming et al. in
[37] introduced the distance function

DA(@.5) = (3 ) (@la-bF + (=) + (Bn)) + (a-D)y + 1-a-f).

For two LR fuzzy vectors X = (%1,%s,...,&,),Y = (¥1,%, ...,%,) defined as

DY(X,Y) =Y " D(ab). (10)

Fully fuzzy linear system
A brief summary on solving of fully fuzzy linear system using LP technique is provided
in this section.

Definition 12. (Fully fuzzy linear system) Consider the # x  linear system,

anxi + dpks + . + a1k = by
51215& + 6122562 + o + 512,,5&,, = bz
: (11)
Ap1X1 + dppXo + ... + AppXn = Xy
where Va;, by F(R). This system is called a fully fuzzy linear system (FELS).
The matrix A = (Zz ,) ij=1 and the vector B = (bf);:l may be represented as
A®X =B (12)

The vector X = (56,»);:1 is called exact fuzzy solution if Vx;eF(R),j=1,2,...,n.
Otherwise, it is called non-fuzzy solution.

Linear programming (LP) of solving FFLS, pioneered by Dehghan et al. in [12], is
used to solve non-square FFLS for positive coefficients and parameters where the FFLS
is not square, or where the size system is n>5.

In the prior studies, LP technique was employed heavily to solve unrestricted FFLS,
where at least one coefficient or parameter is near the zero TEN, because in LP we can
add constraints for the system when the proposed method got certain limitations
[12,32,33,38].

Kumar et al. in [33] utilized LP to solve FFLS where the coefficients or parameters are un-
restricted in positivity, while Babbar et al. in [32] introduced some methods in order to obtain
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the solution for some states of FFLS, and they used LP to solve the unrestricted parameters,
where the coefficients are positive; the LP technique is similar to Kumar et al.'s in [33].

In both studies, the authors use LP to interpret the nature of FFLS solutions; the pos-
sible solution for FFLS may be no solution, unique, or many infinite solutions. To in-
validate that, we take some of the numerical example in these studies and resolve it by
original associated linear system for FFLS, and then we find further exact solutions.

Remark 2. The natures of the solutions of the FFLS depend on the nature of the solu-
tions of the LP, i.e., the possible way of solution for FFLS may be no solution or unique,
or infinitely many solutions [32,33].

Because the methods depend on LP, with added further constraints of subject in
order to get optimal solution, this leads to more limitations in the final solution. These
algorithms find an optimal solution that is an exact solution where the objective func-
tion goes to zero. In the following examples, we will show that optimal solution is not
necessarily a unique solution like in the linear system, because some or infinite solu-
tions may be omitted and they do not appear in these algorithms.

Moreover, to the best of the researchers' knowledge, all examples which consist near-
zero TFN (unrestricted FFLS) in the literature are limited by size to n =2, but in this
paper, we provide two examples of size n = 3.

Numerical examples
In order to show the insufficiency in LP in solving FFLS, some examples in this section
are discussed. We used the LP technique in Babbar et al. in [32] to obtain the algorithm
for solving a 1 x 1 FFLS. We find only one solution obtained by the LP technique, while
the FFLS has many infinite solutions which is contrary to Remark 2.

Assuming 1 x 1 FFLS,

(ml,laaal,lﬂa/))171ﬂ> Y (m1x7“1xaﬁ1x) = (mlb,“1b7ﬁ1b) (13)

where (mf 1, af 1, f1 1) is a non-negative triangular fuzzy number and &; =
(my*, 1*, B;") is an arbitrary triangular fuzzy number.
According to algorithms in [32], to obtain the solution for the following FFLS, we

have to minimize the Z,
Z=Z1+Z +Z (14)

and subject to

my“m* + Z, = By,
(m1=a11) L= (ma® + By )i + 2, = mb-at,
<Wll,1a +/))Llu>Ri—(mL1a—ﬂ171“)R; + Z1 = Wllf +/))l177
, ) ) (15)
mi-L, + L0,

R,-R, -m?*>0.

Zi, Zy, Zy, Ly, L], Ry, R, 20.
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Then, the solution is obtained as follows:
%= (m”, a1, B,") = (m1*, my"~L; + L, R,~R, -m;"). (16)

The system meets the necessary and sufficient conditions for possibility of a feasible
fuzzy solution, when it satisfies

L)L, =R,R, =Z=0. (17)

In order to show the limitations in LP method, the algorithm is applied in the follow-

ing numerical examples.
Example 3. Consider the following 1 x 1 FFLS, (written in the form (m, a, f5)),

5,5,12) ® (mi*, ar*, B;") = (10, 10, 25), 18
1

where %1 = (m;*, 1%, 8;%) is an arbitrary triangular fuzzy number.

Solution

Clearly, the (5, 5, 12) is a non-negative LR fuzzy number. According to [32], we can
apply their method to solve the system with no restrictions on the solution.

Now, let

a __ a __ a __
my =501 =5, B,* =12,

m? =10, a®=10,8"=25
Then, minimization of problem in (14) is
5m* + Z; = 10.
The subject in (15) is
-17L, + Z, =0,
17R, + Z, = 35,
mit-L + 120, (19)

R,~R,-m*>0,

71,7y, 21, Ly, L], R, R 2 0.

On solving the above LP, the following solution is obtained:

35

m”* =2,L; =2,L] =0,R, =7

R, =0, (20)
Also, the objective function in (14) is zero since

Zi=2Z,=Z, =0, then Z=0.
Similarly, in (17), the right-hand side is zero,

L L =R R =Z=0. (21)

Hence, the system has feasible fuzzy solution, using (16) and (20)

35
(my*, 00", B) = <2, 2-0 +0’ﬁ_0_2>' (22)
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Then the solution of FFLS in (18) becomes

_ 1
Xk = X1 = (Wllx,(xlx,ﬁlx) = <2,0,17> . (23)

However, the following general form solution confirms that the system has many in-
finite solutions which are not detected using previous algorithm by LP,

(m™,ar", ") = (27 &%1—17)7 (24)

where w € [0, 2].
Thus, the solution X obtained by the algorithm in [32] using LP is a particular solu-
tion only where w =0, in (24).

The following are some solutions using (24),

. 1
X1 = (mlx:alxﬂglx) = <2’271_7>7

Fo = (0, B) = (2,1,
1,041, ) 717 b

31

B — x x »N_— (9 —
X3 (ml , 1 7ﬂ1 ) ( :2 ) 17)7

11

o X g B¥ = (2 -
X4 (ml , 1 7/31 ) < 52 ) 17)

It is clear that the system has infinitely many feasible fuzzy solutions, which is con-
trary to the nature of possible way solution for the linear system, where every linear
system in order 1 x 1 must have a unique solution.

On the other hand, the following Example 4 gives us a different result from Example
3, because it is non-square FFLS, where the number of equations is more than the pa-
rameters, and the system has a unique solution.

Example 4. Consider the following 2 x 1 FFLS (written in the form (m, a, f)):

(3,1,1) ® (m1*, 1", 5;) = (0,24,12),

(25 17 O) ® (mlxv alxaﬁlx) = (07 127 6)7

where X =&, = (m;*, a®, 5;%), is an arbitrary TFN.
Solution

The FFLS may be written in matrix form A®X = B,

(3,1,1) (0,24,12)
® (%1) =

(2,1,0) (0,12,6)

The system has a unique solution,

X = (Wllx,(xlx,ﬁlx) = (0,6, 3)

Page 10 of 23
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Verification for the solution:

(3,1,1)®(0,6,3) = (0,24,12),

(2,1,0)®(0,6,3) = (0,12,6).

The following non-square FFLS has many infinite solutions where the number of

equations is less than the number of parameters, the result contrary to the result in Ex-

ample 4.
Example 5. ([33]) Consider the following 2 x 3 FFLS (written in the form (a, b, ¢)):

(1, 2,3)®(a1*, b1", c1*)®(-2, -1, -1)®(a2", b2", ©2¥)
®(27 37 4)®(ﬂ3x7 b3x7 C3x) = (_77 Oa 8)7
(25)
(=3,-2,-1) ®(a1*,b1",c1*) & (2,4,5)®(a2", by", c2")
®(3,4,5)®(as", bs", cs*) = (-26,-10, -4),
where %, = (a*, b, ¢/*),i = 1,2, 3, are arbitraries triangular fuzzy numbers.
Solution
The system may be written in matrix form A ®X = B,
%
(17273) (_27_17_1) (2735 4) (_77 Oa 8)
® 562' = ) (26)
(_37 _27 _1) (2a 4‘; 5) (37 47 5) (_267 _107 _4)
X3

where
X (ar*, b1, c1”)
Xe = | & | = | (@b 0r%)
X3 (as®, b3", c5¥)

According to Kumar et al. in [33], the system has one solution, since LP technique

produces one optimal solution; for that the fuzzy vector, X; is provided as a particular

solution:
(ar*, b1, c1”) (1,1,2)
Xe = | (@bt e | = | (-2,-1,0)
(as*, bs*, c3%) (-2,-1,-1)

By solving the associated linear system, we provide the general form solution, which

cannot be obtained by LP, and then some particular solutions are produced:

Page 11 of 23
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(ar*, 01", e1™) 1
<1,§(15 + 89), 2)

XG' = (ﬂ2x7b2x762x) = (_2567 0)

<-2,1 <5-%(15 + 86)) , _1>
(as*,bs", c3¥) 3 7

where 6 €[-1,-1]
Thus, the solution X' obtained by the algorithm in Kumar et al. [33] using LP is a
particular solution only where § = - 1, in (27).

Some particular solutions:

o Let§ = -1 then

(ar*,b1*, 1) (1,2,2)
> (a2”, by, ") 1
X, = 2,02, _ —2,—§,0

11
(as*, b3", c5") (_2’ _8’_1)

Verification for the solution:

11
(1,2,3)®(1,2,2)®(-2,-1,-1)® < >@2,3,4)®<-2,-§,—1>

=(1,4 6)69( > ( > = (~7,0,8),
0)@(3 4 5)®< %,-1)

= (-6, -4,—1)@9< -— ) -10,-4)

OO|P—‘

OO|*—‘

(-3,-2,-1)®(1,2,2)®(2, 4 5)®<

o Let§ = -7, then
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Verification for the solution:
11 1
(1,2,3)® (1,7 , 2) a(-2,-1,-1)® (—2, -5 0) ®(2,3,4)® (—2,

— (1.2 6)e(0..4)a(-822L
- 777 727 7147

o Let § =-1 then
ar*,bi*, cr” 37
( ) (1’_72>
- . 1
X3 - (a2va2 762x) = _2a_§70

(ﬂ?)xa b3x7 C3x)

Verification for the solution:

= 1746@014@ 8 27 2
- 7217 737 777

74
=(-6,-—
21

then
A'QX, =A'®X; =B',i=1,...

e Non-fuzzy solution

8¢[-1,- 1] where § = -3, then

37 1
(1,2,3)®( 1,57,2)@(-2,-1,-1)®( -2,-3.0 | &(2,3,4)8( -2~ .~

17 )
S |
14

14’

11 1 17
= (_77 07 8)7 (_37 _27 _1)® (177 ) 2> 69(27 47 5)®(_27 —§,0>@(3,4‘7 5)® <_27 e _1)

22 34
= (—6, — —1> ®(-10,-2,0)® (-10, -2 —3) = (-26,-10,-4).

37 1 9
=(-7,0,8),(-3,-2,-1)® <1’ﬁ’2> ®(2,4,5)® (—2, ~3 0) ®(3,4,5)® (—2, —7 —1)

4 36
) —1> S <—10, “3 0> @ (—10, - —3> = (-26,-10,-4)

Page 13 of 23
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(alxv blx7 Clx) 3
(132)
7
-, x 3
X = | (a"b", ") | = —27—570
(-21)
L |
(as*, bs", c3¥) 14

Verification for the solution:

15 10
(]-a 25 3)® (177 ’ 2> @(_2, _]-a _1)®(_27 07 0)@(2, 35 4)® (_27 _77 _1)
_ (1,370 , 6> ©(0,0,4)® (_s, _? , _2)

15 10
= (-7,0,8)(-3,-2,-1)® (1,7 , 2) ®(2,4,5)®(-2,0,0)d(3,4,5)® (—2, - —1>

7

30 40
= (—67 = —1) ®(-10,0,0)® (—10, - —3) = (-26,-10, -4).

Although X, satisfies the system,
A'®X, =B

But it is not a feasible solution, because b3 / ¢3, then X is not a fuzzy vector.

Now, the examples are converted to the form in this paper (m, a, f5),

a a a
(ml.la,ﬂ1,1“»ﬁ1,1 )(m2,laaﬂ2.,1a’ﬁ2.1 )(””3,1a743‘1a’ﬁ3,1 )

A =
(ml.,z“, ﬂ1,2“7ﬁ1_2a) (WI2,2“7 ﬂz.z“ﬁz,za) (m3,2“7 ﬂ3,2“,.33,2a)
(25171) (_17170) (37171)
(_27171) (47271) (47171)

and

) (mi?,a, B,%) (0,7,14)

B = = R
(myt,a., B,") (-10, 16, 14)

then the system in (26) is equivalent to the following system:

X1
2 - )
(_27 17 1) (4'5 27 1) (45 17 1) (_10’ 167 14)
X3
Where
9~C1 (mlxa alxaﬂlx)
X = X | = (m2xa a2x’/3)2x)

X2 (m?)xa a3x7/))3x)
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The produced solution in [32]

(mlx7a1x7/))lx) (17071)
X = | m®a®B,") | = | (-1,1,1)
(m3x7a3x7/))3x) (_171a0)

The general form solution is

(m1x7 alxvﬁlx)

XG = (m2x7 52x7ﬁ2x) =

(m3x7 d3x7 ﬁgx)

7

(6,2 +8,-0)

(% <8_§(15+86)>,2+%<8—;(15+88)>,—1 +%<—5+;(15+85)>>

The particular solutions are

(mlxa‘llxvﬁlx) (27 1’0)

(ma", 42", By") | = (8’8’8)
(553

(m3x7 ﬂ?)xvﬁ?)x)

131
(my*,a2*,B,") | = (“ 55

17 11 3
(ngx, ﬂgx,ﬁsx) 14 ’ 14 ’ 14

(m*, ar*, By") 37 16 5
21°21°21

(my*,a2*,B,°) | = ( 15 1)

3373

952
(msx,dsxaﬁgx) <_§,§’§>

<1 (15 + sa)) -1 +;(15 +88),2+ ; (~15-85)

Xl[
(m*, ar*, B,7) 11 4 3
7°7'7
X, =
Xg{
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The non-fuzzy solution is

(mi*, a1*, B,") (3 4 11)

7777
- 313
Xe= | (m*,a%,5,") | = -= ==
e (ma*, ar*, B,") < 55 2)
11 17 3

(m3x7a3x7/))3x) 14’147 14

Remark 3. The nature of uniqueness solution or infinity is completely different with
the nature of the linear system or linear programing because the number of feasible so-
lutions does not depend on the number of equations compared with number of
parameters.

The case of no solution is considered by the following example even when the system
has one equation with one parameter, contrary to Example 3 and Example 7.

Example 6. Consider the following 1 x 1 FFLS (written in the form (m, a, f)).

(3,1,1) ® (my*,a1%, 5,%) = (-36,4,18). (29)

where %, = (m;*,a,%, 5,%) is an arbitrary TFN.
Solution
The exact solution of the system is a non-fuzzy solution because the right spread a7 ;

is non-positive.
561 = (}’l’llx, alx,ﬁl") = (—12, —2, 3)

The solution X; satisfies the system, but it is not TEN, so it is not considered as a
feasible solution

Remark 4. The existence of feasible solution for FFLS is determined by condition of
TEN regardless of the existence of the associated system for FFLS.

In light of the previous results, we can declare that the possible ways of solution
(unique solutions, infinite solutions, no solution) in FFLS are not determined by the
number of equations compared with the number of parameters, or if the FFLS is square
or non-square, all possible ways may happen regardless of the number of equations and
parameters.

The following examples of FFLS in size n = 1 which is similar with the essential con-
cept of linear system, where the number of equation is equal to the number of parame-
ters, and they have a unique feasible solution.

Example 7. Consider the following 1 x 1 FFLS, written in the form (m, a, ),

(5,0,12) ® (mlﬁlx,al,l",ﬁm’“) = (10,9,25), (30)

where ¥ = (m;*,a1%, 8,%) is an arbitrary triangular fuzzy number.
Solution
The FFLS has only one solution,
91
oo x x ) 2.2 ).
X (ml ;a1 7/))1) < 75717>
The following example is an FFLS and has also a unique solution, similar to Example
7, where the size of the coefficient matrix is 7 = 3.
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Example 8. Consider the following 3 x 3 FFLS (written in the form (m, a, f5)).

(Sa 2; 1) ® (mlxv alx7ﬁ1x) @ (27 la 1) ® (mzxv a2xaﬁ2x)
®(7,2,2) ® (m3*, as*, B5*) = (0,55, 69),

(2a la 0) ® (mlxv a1x7/31x) S (47 la 1) ® (m2x7 a2xaﬂzx)

(31)
® (2a 1, 1) ® (m?)xa ﬂ?)xﬁ'jx) = (4'5 51, 36)7
(57 17 2) ® (mlx7 alx7ﬂlx)®(9a 2) 3) ® (mva a2xa/52x)
®(0,0,0) ® (ms*,as", ;") = (-1,123,45),
Where x; = (mi" ,ai, /)’ix),i = 1,2, 3 are arbitrary triangular fuzzy numbers.
Solution
The system may be written in matrix form AQX = B,
(8725 1) (2a 1) 1) (73272) (mlxaalxvﬁlx)
(21,00 (411 (2L1) [®] (m" 4" ") (32)
(5.1,2)  (9,2.3)  (0,0,0) (m3*,as", Bs")
(0,55,69)
= (4,51,36) |,
(-1,123,45)
Where
551 (mlxa alxaﬁlx)
X=|%|=| (m"a"B"
X3 (m3*, as*, B5")

The system has a unique feasible solution:

521 (mlxﬂa1x3ﬁ1x> (—2,2, 1)
5( =% |= (m2xa‘12xaﬂ2x> = (1’9’3)
*3 (m3*, as", Bs") (2,15)
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Verification for the solution:
(8, 2, 1) ® (—2, 2, 1) [4>) (27 1, 1) ® (1, 9, 3) &) (77 2, 2)®(2, 1, 5) =

(~16,20,10) @ (2,26, 10) (14, 9.49) = (0,55, 69)

(2,1,00®(-2,2,1)®(4,1,1)®(1,9,3)® (2,1,1) ® (2,1,5) =

(~4,4,3) @ (4,44,16) @ (4,3,17) = (4,51,36),

(5,1,2)®(-2,2,1)®(9,2,3) ®(1,9,3) ® (0,0,0) ® (2,1,5) =

(~10,18,6) ® (9,105,39) @ (0,0,0) = (-1,123,45).

In the rest of this paper, we will show new facts of the nature of the FFLS solution,
which is the unique case that may be assigned two different feasible solutions on the
contrary case of uniqueness in the linear system. For that, the LP does not interpret the
uniqueness of the FFLS case.

To support that, we take an example from Kumar et al. in [33] and obtain further dif-
ferent feasible solutions, while in the proposed method, only one solution is assigned.
The triangular fuzzy number in [33] is formed in (a, b, ¢), so Example 9 and Example
10 are rewritten in both forms.

Example 9. ([33]) Consider the following 2 x 2 FFLS (written in form (a, b, c))

(_27 37 4') ® (alxv blxa Clx) ® (_27 2: 3) ® (612’67 b2x7 sz) = (_13: 8, 14'): (33)
(1, 2, 2) ® (ﬂlx, blx, Clx) (&) (4', 4, 5) ® (dgx, ng, sz) = (—14', 87 14)
Solution
The system may written in matrix form A X = B,
(_27374') (—2,2,3) 9~Cl _ (_13a87 14')
( 122 @45 )%\5) 7\ (4819) ) (34

where

v o 551' _ “1x7b1x7clx
*= <’~62> B (E“zvazxvczx .

X, = (a;*,b;",¢;*),i =1, 2 are arbitrary triangular fuzzy numbers.

i oY o

The solution in Kumar et al. [33] is unique and is as follows:
)N(k' = 9:61 = ali’b1z7cli — (17 27 2 ]
X2 a,", by, ¢, (-3,1,2)

While the solution, X g' represents further solution which cannot be determined through
the LP method.

X X X
a3, b, c}

@ 2, 2
<éa’1‘,b’1‘,c’1‘g): 147 7

?
w><<
Il
S
R R
[ v} ‘)—‘ N
~~
Il
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Verification for the solution:

(-2, 3, 4)® ﬁzz@(zzs)tg Boe
y 1477 )y - 7?7

46 45
= (——, 6, 8)@(—7, 2, 6) =(-13, 8, 14),

Because we follow the (1, a, 5) form for TEN in this paper, the example is converted

to this form.

(m1,1“,051,1aa/31,1a> (mz.la,az,laaﬁz.1a> (
<m1’2a’a,1‘2a,/))1,2d) <m2.2a7a2,2a7ﬁ272a) (27 17 0) (4', 0, 1

)~( _ (561) _ ((mlxvalxvﬁlx)>
*2 (my7, 4y, By") ’
X, = (mi’f7 a;*, ix) ,i =1, 2 are arbitrary triangular fuzzy numbers,
B _ (mlba albaﬁlb) _ (83 2
(mzba azbaﬁzb) (8’ 2
then the FFLS in (34) is equivalent to the following matrix form A®QX = B,
<(3, 5 1) (2, 4 ) ( (my* 20", ) ) _ < (2, 1, 0) > (35)
(2, 1, 0) (4, 0 (my*, ", By (1, 4, 1)
<9E1) (ml 7“1 7 lx) ((2 1 0))
%2 (m,", 25", ") (1. 4 1)
Another solution is

e () () -

(my*, ay*, B,") <1,§7 1)

We find that both fuzzy solutions satisfy the system,

A:

bz

A®X,=A®X;=B.

Also, we can support the satisfaction of solution by the metric function because
D}(AX4,B) = D3(AXy,B) = 0.

The solution X is considered as identical to solution X k'.

Hence, the FFLS may have unique solutions. In order to enhance that, an example of

FFLS in size n = 3 is illustrated with two unique solutions.
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Example 10. Consider the following 3 x 3 FFLS (written in the form (m, a, f)).
(3,5,1)® (m1x7“1x7ﬁ1x)$(27 4,1)® (mzxvazxv/’)zx)
®(2,1,1)® (m*, a5, B5") = (12, 24, 11),

(2,1,0)® (mlx,al",/)’lx)@(él, 0, )® (mzx, a2",/>’2x)

(36)
®(2,1,1)® (m*, a5", %) = (12, 25, 11),
(27 3: 1) ® (mlxvalxaﬁlx) S (27 67 1) ® <m2x7 a2xvﬁ2x)
D (Oa 0: O) ® (msx, a3x7/))3x) = (6a 177 12),
where x; = (mi", aix,ﬁix) ,i =1,2,3 are arbitrary triangular fuzzy numbers.
Solution
The FFLS may be written in matrix form A®X =B,
(3,5,1) (2,4,1 2,1,1 m®* a”, B* 12,24, 11
2,1,0 4,0,1 2,1,1) |®| (my, a, B, = 12,24,11) |, (37)
2,3,1) (2,6,1) (0,0,0 my®, s, B (6,17,12)
where
B 521 (mlx7a1x>ﬁ1x)
X = 9’22 = (}’}’lzx, 0.’2x, ﬁzx)
*3 (mea a3x7ﬁ3x)

The FFLS has two unique solutions X 1,5( 5 as follows:

<2 17 1)
_ '10°5
5 X1 (mlx7a1x7/31x) 77 6
Xi=| % | =| (m"a"B") | = <172_0’§>
*3 (3", as®, Bs") 21 8
(%)

Verification for the solution:

17 1 77 6 21 8
1 2, —,— 1,—,— 2,1,1 2, —,—
esne(25.5)e(1.5.¢ e 108 (2.55.55)

- 652 14 & 2211 23 @ 461 18 — (12,24, 11)
- ’575 ,20,5 720,5 - ) ) )
17 1 77 6 21 8
2,1 2, —,— 4,0,1 1, —,— 2,1,1 2, —,—
2108(23 ;) ewone (130.8) e 11e(2 51

— (4.2 2o (4,22 1) = 12,15, 11)

- 71075 72075 - ) ) )
17 1 77 6 21 8
2,3,1 2, —,— 2,6,1 1, —,— 0,0,0 2, —,—
23 ve(2q.eeene(12 fe000s(2y )

— (a2 BYg(222 Y ®(0,0,0) = (6,17,12)
- 7575 7575 ) - ) ) M
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Another alternative solution is

521 (m1x7a1x7/31x) (25 170)
5(2 = 562 = (m2x7a2x7/3)2x) = (1a47 1)
X3 (ms*, d3x,/3)3x) (2,1,1)

Verification for the solution:
(3, 5, 1)®(2, 1,0)69(2, 4, 1)®(1,4, 1)69(2, 1, 1)®(2, 1, 1) =

(6,10,2)®(2,11,4)®(4,3,5) = (12,24,11),

(2,1,0)(2,1,0)®(4,0,1)®(1,4,1)®(2,1,1)®(2,1,1) =

(4,3,0)0(4,19,6)d(4,3,5) = (12,25,11),

(2,3,1)®(2,1,0)8(2,6,1)®(1,4,1)®(0,0,0)®(2,1,1) =

(4,6,2)®(2,11,10)®(0,0,0) = (6,17,12).

Then, the two fuzzy solutions satisfy the system

A®X; =A®X, =B.

Also, we can support satisfying the solution by distance function because
D}(AX1,B) = D3(AX,,B) =o0.

Now, we will transfer the example to form (a, b, ¢) in [33],

a a a
ay 1%, b11%c11” (ﬂzv1“7b2,1 762,,1“) (“S,Ia:bB,l ,03,1“)

a a a
a13%,b13%, c13% (ﬂ2,3”7b2,3 762,3“) (ﬂ3,3”,53,3 703,3“)

(
A = (611,2“7 b1, c12%) (ﬂ2,2“7 by,”, 62,2“) (613,2“, bs,”, 03,2“)
(
(_2a374) (_27273) (1?273)

= (1,2,2) (4,4,5) (1,2,3) |,

(-1,2,3) (-4,2,3) (0,0,0)

#1 (a*, 1", a1%)
X’ == 5&2' - (a2x7b2x7c2x) )
®3 (as*,bs", c5¥)

where #; = (a/*,b",¢/*),i = 1,2, 3, are arbitrary triangular fuzzy numbers.
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(a1’ b:°,c?) (12,24,11)
B = | (a2, 0%, c,) | = | (12,25,11)
(as’,bs”, c5) (6,17,12)

Then, the system may be written in the following matrix form A @X = B’

(_273a4') (_2a273) (1)273) (ﬂlx’blxaclx) (12724'7 11)
(17272) (4'7 47 5) (15273) ® (aZxabeaCZx) = (12725711)
(—1,2,3) (_4a273) (0)07 O) (a3xab3xac3x) (65 17a 12)

The first solution is

2 (a1",b1", 1) 3,11

10’77 5

- , 57 11
X1 =13 | =] @'« | = <_%71:?)
(19 38>

%3 (as*,bs”, c5%) 20" 715

The second solution is

7?:1' (a1x7blx7clx) (17272)
5(2' - 3?:2' = (a2x7b2x702x) = (_371a2)
7?:3' (d3x7b3x763x) (17253)

Remark 5. The nature of uniqueness in FFLS can be determined by one solution and
more, but not infinite number of solutions which is contrary to the essential concept of
uniqueness on the linear system that states the determination of only one solution.

Conclusion

The nature of FFLS solution is numerically examined and revealed to be completely
different from the linear programing nature of solution because the possible ways of
the former solution are different from the possible ways of the linear system (no solu-
tion, unique solutions, many infinite solutions). In FFLS, the uniqueness does not hap-
pen even in the order of system 1 x 1. Moreover, it has been revealed that uniqueness
may happen through more than one solution. The possible ways of solution do not de-
pend upon the number of parameters compared with the number of equations, and the
three former possibilities may happen even when they are equal or the number of pa-
rameters is greater or less than the number of equations.

The nature of non-fuzzy solution which is equivalent to no solution in the known
possible ways of solution is recommended to be considered in the future work, and un-
like the result in this paper, the LP and non-linear program (NLP) will be shown to be
very effective and sufficient with no exact fuzzy solution, as only one unique approxi-
mate solution is needed in order to represent the nearest solution for FFLS; the smal-
lest objective function is considered to be the most optimal solution.
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