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Abstract

The object of this paper is to utilize the notion of -admissible in the sense of
Mohammadi et al. (Fixed Point Theory Appl. 2013:24, 2013) to prove a fuzzy fixed point
theorem and present some corollaries. We also give illustrative examples which
demonstrate the validity of hypotheses of our results and applications to fuzzy fixed
points for fuzzy mappings in partially ordered metric spaces are studied.
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Introduction

In real world problems, fuzzy concepts were used to modeled mathematically for the pur-
pose of automation, like regulation, production control and many others. The concept of
fuzzy set was introduced by Zadeh [1]. Several researches were conducted on the gen-
eralizations of the concept of a fuzzy set. Heilpern [2] introduced the concept of fuzzy
contraction mappings which maps from an arbitrary set to a certain subfamily of fuzzy
sets in a metric linear space X. He also proved the existence of a fuzzy fixed point theorem
which is a generalization of Nadler’s [3] fixed point theorem for multivalued mappings.

In 2001, Estruch and Vidal [4] proved a fuzzy fixed point theorem for fuzzy contraction
mappings (in the Heilperns sense) over a complete metric space. Afterward, many math-
ematicians [5-9] generalized the result given in [4]. Recently, Abbas and Turkoglu [10]
established the existence of a fuzzy fixed point theorem for fuzzy mapping of a general-
ized contractive mapping on a complete metric space, which generalized and extended
the results in [4] and many known results in [2,6].

On the other hand, the concept of an S-admissible mapping was introduced by Samet
et al. [11]. They also give the existence of fixed point theorems via this concept. After-
ward, Asl et al. [12] extended the concept of B-admissible for single-valued mappings to
multivalued mappings. Recently, Mohammadi et al. [13] introduced the concept of §-
admissible for multivalued mappings which is different from the notion of B,-admissible
which has been provided in [12]. Recently, Azam et al. [14], obtained common fixed point
theorems for Chatterjea fuzzy mappings on closed balls in a complete metric space. The
investigation is based on the fact that fuzzy fixed point results can be obtained simply
from the fixed point theory of mappings on closed balls.

In this paper, we prove a fuzzy fixed point for a generalized contractive fuzzy mapping
on a complete metric space by using the concept of S-admissible mapping in sense of
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Mohammadi et al. [13]. We also give illustrative example which demonstrate the valid-
ity of hypotheses of our results. As an application, we deduce fixed point theorems in
partially ordered metric spaces.

Preliminaries
In this section, we recall some basic definitions and preliminaries that will be needed in
this paper.

Definition 1 ([1]). Let X be a space of points with generic elements of X denoted by x
and I =[0, 1]. A fuzzy subset of X is characterized by a membership function such that
each element in X is associated with a real number in the interval 1.

Definition 2 ([2]). Let (X, d) be a metric space and A be a fuzzy set in X. If X is endowed
with topology, for « € [0, 1], the a-level set of A, denoted by [A]y, is defined as

[Ale = {x: A(x) > a},
where o € (0, 1] and for « = 0 we have
[Alo= {x: A(x) > 0},

where B denotes the closure of the non-fuzzy set B.

Definition 3 ([15]). Let X be a nonempty set. For x € X, we write {x} the characteristic
function of the ordinary subset {x} of X. For « € (0, 1], the fuzzy point xy of X is the fuzzy

set of X given by
a ; x=y
xa()’)=
0 5 x#y

In the sequel, I = [0, 1], (X, d) and I denote the metric space and the collection of all
fuzzy subsets of X. For A, B € I, a fuzzy set A is said to be more accurate than a fuzzy
set B (denoted by A C B) if and only if Ax < Bx for each x in X, where A(x) and B(x)
denote the membership function of A and B, respectively. Forx € X, S C X, A,B € IX
and o € [0, 1], we define

d(x,S) = inf{d(x,a);a € S},
Pa(x, A) = infl{d(x,a);a € [Aly },
Pa(A,B) = infl{d(a,b);a €[Aly,b € [Bla },

p(A’ B) = suppot (Ar B)y
o

Dy (A,B) = H ([Aly, [Ble) = maxy sup d(a,[Bly), sup d(b,[Ale) ¢,
ac [Aly be [Bly

doo(A, B) = sup Dy (4, B),
o
and
Wy (X) = {C € I*:[Cly is nonempty and compact}.

It is easy to see that H is the Hausdorff metric on W, (X) induced by the metric d.
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Definition 4 ([4]). Let (X,d) be a metric space. T : X — I and a €[0,1]. A fuzzy
point x, in X is called fuzzy fixed point of T if x, C Tx. If {x} C T, then x is called fixed
point of T

Definition 5 ([12]). Let X be a nonempty set, T : X — 2%, where 2% is a collection of
nonempty subsets of X and B : X x X —[0, 00). We say that T is B«-admissible if
forx,y e X, By >1= B.(Tx, Ty) > 1,
where
B«(Tx, Ty) := inf{B(a, D) : a € Txand b € Ty}.
Definition 6 ([13]). Let X be a nonempty set, T : X — 2%, where 2% is a collection of

nonempty subsets of X and 8 : X x X —[0, 00). We say that T is $-admissible whenever
for each x € X and y € Tx with B(x,y) > 1, we have §(y,z) > 1 forallz € Ty.

Remark 1. If T' is f*-admissible mapping, then T is also S-admissible mapping.

Example 1. Let X = R be endowed with the usual metric d. Define mappings 7 : X —
2Xand B : X x X —[0,00) by

T(x) = [x,x+1], %fx > 0;
(—o0,6x], ifx <0
and
1, ifx,y > 0;
plxy) = { 0, if otherwise.

Then T is B-admissible.

Fuzzy fixed point theorem
In what follows, we give some well known lemma which is useful for the proof.

Lemma 1 ([2]). Let (X,d) be a metric space, x € X and A € IX. For a €[0,1], if
Po(x,A) = 0and [A], is closed subset of X, then x, C A.

Now, we introduce the concept of S-admissible in sense of Mohammadi et al. [13] for

fuzzy mapping.

Definition 7. Let (X, d) be a metric space, 8 : X Xx X —[0,00),@ €[0,1]and T : X —
Wy (X). A mapping T is said to be S-admissible if for each x € X and y €[Tx],, with
B(x,y) > 1, we have B(y,z) > 1forall z € [T)],.

Next, we prove the existence of fuzzy fixed point theorem for some generalized type
of contraction fuzzy mapping. For our result, we let ¥ be the family of non-decreasing
functions ¥ :[ 0,00) —[0, o0) such that Z;’il Y"(t) < oo for each ¢ > 0. It is easy to see
that for ¥ € ¥, ¥ (¢) < tforall £ > 0 and ¥ (0) = 0.
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Theorem 1. Let (X, d) be a complete metric space, a € [0,1] and T be fuzzy mapping
from X to W, (X). Suppose that there exist € ¥ and 8 : X x X —[0, 0o) such that

B, y) Do (Tx, Ty) < Y (M(x,y)) + L min {py (%, T%), pa (v, T9), P (%, TY), pa (95 T) }
1)

for all x,y € X, where L > 0 and

P, Ty) + pa (9, Tx) }

M(x,y) = max {d(x, ) Pa %, TX), po (¥, 1), 5

If the following condition holds,

(i) T is B-admissible,
(ii)  there exist xp € X and x; € [Txglq such that B(xp,x1) > 1,
(i)  if {x,} is sequence in X such that B(x,, x,4+1) > 1 and x,, — u as n — oo, then

By, u) > 1,
(iv) 4 is continuous,

then there exists x € X such that x, is a fuzzy fixed point of T'.

Proof. For xp € X and x; € [Txo]y in condition (ii), we get 8(xo,x1) > 1. Since [ Tx1]y
is nonempty compact subset of X, there exists x, € [Tx;],, such that

d(x1,%2) = pa(x1, Tx1) < Do (Txo, Tx1). 2)
From (2) and the fact that 8(xp,x1) > 1, we have
d(x1,%2) < Dy (Txo, Tx1)
< B(x0,%1)Dqo(Tx0, Tx1)
< ¥ (M(x0,%1)) + L min {pq (%0, T%0), Pa (%1, T&1), Pa (%0, T&1), po (%1, Ti0) }
< ¥ (M(x0,%1)) + L min {pg (0, £1), Pa (X1, %2), Po (%0, %2), 0}
= ¥ (M(xo,%1)).

By the same argument, for x, € X, we have [Tx3],, which is a nonempty compact subset
of X and then there exists x3 € [Tx3], such that

d(x2,%3) = pa (%2, T2) < Do (Tx1, Tx). 3)
For xg € X and %1 € [Txo]o with B(x0,x1) > 1, by definition of 8-admissible, we get
B(x1,x2) > 1. (4)
From (1), (3) and (4), we have
d(x2,x3) < Do (Tx1, Tx2)
< B(x1,%2) Do (Tx1, Tx2)
< Y (M(x1,%2)) + L min {po (1, T¥1), pa (%2, TH2), Pa (61, TH2), Pa (%2, T21) }
< ¥ (M(x0,%1)) + L min {po (¥1,%2), Pa (%2, %3), o (%1, %3), 0}
= Y (M(x1,%2)).

By induction, we can construct a sequence {x,} in X such that, for eachn € N, x,, €
[Txy—1]e with B(x,—1,%,) > 1 and

A Xy Xn11) < Y MXp—1,%n)),

Page 4 of 11
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where
M(®y—1,%,) = max {d(xnfl,xn),pa(xnfl, Ty 1), pa i, Ty), 2 To) ;” o, T 1) }
< max {d(xn_l,xn»d(xmxm), M}
= max {d(xy—1, %), d(*n, xp1+1)} -
Hence,
d(xn, xp11) < Y (max{d(xy—1,%n), d(xn, %n+1)}) (5)

for all n € N. If there exists n* € N which py (x)+, Tx,+) = 0, then from Lemma 1, we
have (x;+)q C Txy*, that is (x,+)y is a fuzzy fixed point of T. Therefore, we suppose
that for each n € N, py(xy, Tx;) > 0 and thus d(x,—1,%,) > 0 for all n € N. So, if
d(Xy, Xp+1) > d(xy—1,%;,) for some n € N, then from (5) and ¥ (¢) < ¢ for ¢ € (0, c0), we

have
AXp Xnt1) <Y (AKX Xn11)) < A Xy K1)
which is a contradiction. Therefore, we have

A Xy Xn11) < Y (dXn—1,%n))

< ¥ (¥ (dxp—2,%1-1)))
(6)

< " (d(x0,%1)).

Next, we will show that {x,} is a Cauchy sequence in X. Since continuous function v is
belong to W, there exist ¢ > 0 and positive integer # = h(¢e) such that

Y vt d(xo, ) < e

n>h

Let m > n > h. Using the triangular inequality, previous relation and (6), we have

m—1 m—1
d@emxm) < Y dxosrgn) < Y ¥Hd@o,x1) < Y ¥ (@do, x1)) < &
k=n k=n n>h

This implies that {x,} is a Cauchy sequence in X. By completeness of X, there exists
x € X such thatx,, — xasn — oo.

Finally, we show that p,(x, Tx) = 0. Assume on the contrary that py (x, Tx) > 0. By
condition (iii), we have B(x,,x) > 1 for all # € N. Now we have

Pa (x’ Tx) < d(xn:xn-‘rl) +Pa (xn+1: Tx)
< d(xu, %nt1) + Do (Txy, Tx)
< A Xnt1) + B ¥) Do (Txn, T)

Pa &, Tx) + po (¥, Txn) })

< d®p; Xpy1) + Y (max {d(xn’ %); Pa Ky Tn), po (%, T), )

+ Lmin {pg (tn, Ton), po (%, TX), po s TX), Per (%, Tn) }

Po @y TX) + d(x, Xy41) })

= d(xnxxn+l) + Ilj (max {d(xnr x)r d(xn:xn+l)rpa (.?C, Tx): 2

+ L min {p(X (x}’ll xn+1);pa (x) Tx):pa (xnr Tx);pa (x: Txn)} .

Page 5 of 11
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Letting n — o0, it follows that

P, Tx) < ¥ (pa (%, TX)) < pa (%, TX),
which is a contradiction. Therefore, we have p, (x, Tx) = 0. Hence, by Lemma 1, x, C Tx.
This complete the proof. O

Next, we give some examples to support the validity of our result.

Example 2. Let X =[0,1]andd : X x X —[0,00) asd(x,y) = |[x—y| forall x,ye X.
Then (X, d) is a complete metric space. Let us define T : X — I by

1

0,05t<€,
(T =13,1<e<=,
%,%<t§1.

3
Leta = 7 We observe that

1 x+1
6 6

[Tx]o =[Tx]% = [

for all x € X. Therefore, T is fuzzy mapping from X to Wy (X).
Define 8 : X x X —[0,00) by B(x,y) = 2 for all x,y € X. Then it is easy to check that
T is an B-admissible. For each x,y € X, we get

B, 9) Do (Tx, Ty) = B(x, y)H([TX]o » [TY]a)

1

= §|x—y|
1

= gd(x,y)
1

< id(x,y)

<

¥ (M(x,)) + L min {py (x, T%), poa ) TV), po (%, TY), Pa (9, TH) }

t
where ¥ (t) = 3 forall £ > 0 and L > 0. It is easy to see that conditions (ii) and (iii)
in Theorem 1 hold. Therefore, all conditions of Theorem 1 hold. Thus, T has an «-fuzzy

. . . . 1
fixed point x € X, that is, a pointx = .

By using Remark 1, we get the following result.

Theorem 2. Let (X, d) be a complete metric space, « € [0,1] and T be fuzzy mapping
from X to W, (X). Suppose that there exist v € ¥ and 8 : X x X —[0, 00) such that

B, y) Do (Tx, Ty) < ¥ (M(x,y)) + L min {py (%, T%), pa (v, T9), P (%, T9), pa (9> T) }
(7)

for allx,y € X, where L > 0 and

M(x,y) = max {d(x,y),pa(x, Tx), poa (9, Ty), Pa6 1Y) + Paly, T%) } .

2
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If the following condition holds,

(i) T is B*-admissible,
(ii)  there exist wg € X and x1 € [Txg]q such that B(xg,x1) > 1,
(i) if {x,} is sequence in X such that 8(x,, x,+1) > 1 and x,, = u as n — o0, then

Bxn,u) > 1,
(iv) v is continuous,

then there exists x € X such that x, is a fuzzy fixed point of T

In Theorems 1 and 2, we take ¥ (¢) = 0¢, where 6 € (0, 1) then we have the following

corollary which is a fuzzy extension of fixed point theorem given by Berinde [16].

Corollary 1. Let (X, d) be a complete metric space, « € [0,1] and T be fuzzy mapping
from X to W, (X). Suppose that there exists 8 : X x X —[0, 00) such that

B(x,9) Do (Tx, Ty) < OM(x,y) 4+ L min {py (x, T%), pa (9, T9), pa (%, T9), pa (3, Tx)}  (8)

for all x,y € X, where, 6 € (0,1), L > 0 and

o ) T + a\)> T
M(x,y) = max {d(x,y),pa(x, %), pa (3, Ty),p (%, Ty) ; Pa (s Tx) } .

If the following condition holds,

(i) T is B-admissible (or B*-admissible),
(ii)  there exist xg € X and x; € [Txp]y such that B(xg,x1) > 1,
(iti)  if {x,} is sequence in X such that 8(x,, x,41) > 1 and x,, — u as n — 0o, then

Bxp,u) > 1,

then there exists x € X such that x, is a fuzzy fixed point of 7.

If we take L = 0 in Theorems 1 and 2 and Corollary 1, then we have the following

corollaries:

Corollary 2. Let (X, d) be a complete metric space, « € [0,1] and T be fuzzy mapping
from X to W, (X). Suppose that there exist ¥ € ¥ and 8 : X x X —[0, oo) such that

B, ) Do (Tx, Ty) < ¥ (M(x,7)) )

forall x,y € X and

Do TY) + pa (y, Tx) }

M(x,y) = max {d (%, 9), Pa (%, TX), po (¥, Ty), 5

If the following condition holds,

(i) T is B-admissible (or B*-admissible),
(ii)  there exist xg € X and x; € [Txp]y such that B(xg,x1) > 1,
(iii)  if {x,} is sequence in X such that 8(x,, x,41) > 1 and x,, — u as n — 0o, then
Bxp,u) > 1,
(iv) ¥ is continuous,

then there exists x € X such that x, is a fuzzy fixed point of T
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Corollary 3. Let (X, d) be a complete metric space, @ € [0,1] and T be fuzzy mapping
from X to W, (X). Suppose that there exists 8 : X x X —[0, o0) such that

Pa (%, Ty) + pa (9, Tx)
2

B (%, ¥)Dy (Tx, Ty) < 6 max {d(x,y), Pa (%, Tx), pa (v, Ty), } (10)

for all x,y € X, where 6 € (0, 1). If the following condition holds,

(i) T is B-admissible (or B*-admissible),
(ii)  there exist xp € X and x; € [Txgly such that B(xg,x1) > 1,
(i)  if {x,} is sequence in X such that B(x,, x,+1) > 1 and x,, — u as n — oo, then
B&n,u) = 1,

then there exists ¥ € X such that x, is a fuzzy fixed point of T.

If we set B(x,y) = 1for allx,y € X in Theorem 1 or Theorem 2, we get the following
result:

Corollary 4. Let (X, d) be a complete metric space, o € [0, 1] and T be fuzzy mapping
from X to Wy (X). Suppose that there exist 1 € W such that

Do (Tx, Ty) < ¥(M(x,%)) + L min {py (x, %), pa (9, T9), pa (%, T9), pa (0, TH)} - (11)

forallw,y € X, where L > 0 and

M(x,y) = max {d(x,y),pa (%, Tx), pa (9, TY), Pa (%, Ty) + po (9, Tx) } .

2

Then there exists x € X such that x, is a fuzzy fixed point of T'.

If Y (t) = 6t, where 6 € (0,1) and B(x,y) = 1 for all x,y € X in Theorem 1 or
Theorem 2, then we have the following corollary.

Corollary 5. Let (X, d) be a complete metric linear space, « €[0,1] and T be fuzzy
mapping from X to W, (X) such that

(12)

Do (Tx, Ty) < 0 max {d(x,y), e, T2), pay, Ty), P2 ) £ Pa 0, T0) }

2

for all x,y € X, where 8 € (0,1). Then there exists x € X such that x, is a fuzzy fixed
point of T

Applications
In this section, we give the existence of fuzzy fixed point theorems in a partially ordered
metric space.

Before presenting our results, we give the following definitions.

Definition 8. Let X be a nonempty set. Then (X, d, <) is said to be an ordered metric
spaces if (X, d) is a metric space and (X, <) is a partially ordered set.

Definition 9. Let (X, <) be a partially ordered set. Then x,y € X are said to be
comparable if x < y or y < x holds.
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For partially ordered set (X, <), we define

A={xy) eXxX:x<yor y<ux}

Definition 10. A partially ordered set (X, <) is said to satisfy the order sequential limit
property if (x,,%) € A for all » € N, whenever a sequence x, — x as n — 00 and
(%p, xy+1) € Aforallm € N.

Example 3. Let X = R and <=< be a partial ordered on X. It is easy to check that
(X, d, =) satisfy the order sequential limit property.

Definition 11. Let (X, <) be a partially ordered set and « € [0,1]. A fuzzy mapping
T : X — Wu(X) is said to be comparative if for each x € X and y € [Tx]y, with (x,y) € A,
we have (y,z) € A for all z € [Ty],.

Here we give the existence of fuzzy fixed point theorem for fuzzy mapping in ordered

metric spaces.

Theorem 3. Let (X, d, <) be a complete partially ordered metric space, « €[0,1] and T
be fuzzy mapping from X to W, (X). Suppose that there exists ¥y € W such that

Do (Tx, Ty) < ¢ (M(x,)) + L min {po (%, T%), pa (¥, T), Pa (%, TY), pa (9, T%) } (13)
for all (x,y) € A, where L > 0 and

M(x,y) = max {d(x,y), Pa (@ Tx), pa (3, T), ’M} :

If the following condition holds,

() T is comparative fuzzy mapping,

(II)  there exist xg € X and x1 € [Txg]q such that (xg,x1) € A,
(I) X satisfies the order sequential limit property,
(IV) 4 is continuous,

then there exists x € X such that x, is a fuzzy fixed point of T

Proof. Consider the mapping 8 : X x X —[0, c0) defined by

1if (x,9) € A,

. _ (14)
0 if (x,y) &€ A.

Bx,y) =

From condition (II), we get B(xo,x1) > 1 and then the condition (ii) in Theorem 1 holds.

It follows from T is comparative fuzzy mapping that T is S-admissible mapping. By (18),
we have, for allx, y € X,

B(x,y) Do (Tx, Ty) < ¥ (M(x,)) + L min {pe (%, Tx), pa (v, TV), P (%, T), Per (9, TX) } .
(15)

Since X satisfies the order sequential limit property, the condition (iii) in Theorem 1 is
also holds. Now all the hypotheses of Theorem 1 are satisfied and thus the existence of
the fuzzy fixed point of fuzzy mapping 7 follows from Theorem 1. O
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By using the same technique in the proof of Theorem 3 with Corollaries 1, 2 and 3, we

get the following results.

Corollary 6. Let (X, d, <) be a complete partially ordered metric space, @ €[0, 1] and
T be fuzzy mapping from X to Wy (X) such that
Dy (Tx, Ty) < OM(x,y) + L min {pe (%, Tx), po 95 T), pa (%, T9), pa (3, T®)} - (16)

for all (x,y) € A, where L > 0 and

Pa @ TY) + po (9, Tx) }

M(x,y) = max {d(x, ¥)s Pa (% T%), po (9, 1Y), 5
If the following condition holds,

(I) T is comparative fuzzy mapping,
(II)  there exist xg € X and x1 € [Txp], such that (xg,x1) € A,
(III) X satisfies the order sequential limit property,

then there exists x € X such that x, is a fuzzy fixed point of T.

Corollary 7. Let (X, d, <) be a complete partially ordered metric space, « €[0, 1] and
T be fuzzy mapping from X to Wy (X). Suppose that there exists ¢ € W such that
Do (Tx, Ty) < ¢ (M(x,)) 17)

for all (x,y) € A, where L > 0 and

Pa %, TY) + po (¥, Tx) }

M(x,y) = max {d(x, V), Pa (%, T%), po (v, TY), 5

If the following condition holds,

T is comparative fuzzy mapping,

)
(II)  there exist xg € X and x1 € [Txp], such that (xg,x1) € A,
) X satisfies the order sequential limit property,

)

Y is continuous,

then there exists x € X such that x, is a fuzzy fixed point of T.

Corollary 8. Let (X, d, <) be a complete partially ordered metric space, o € [0, 1] and
T be fuzzy mapping from X to Wy (X) such that
Dy (Tx, Ty) < OM(x,y) (18)

for all (x,y) € A, where

Pa (X, Ty) + po (¥, Tx) }

M(x,y) = max {d(x, s Pa (%, TX), pa (y, Ty), 5

If the following condition holds,

(I) T is comparative fuzzy mapping,
(II)  there exist xg € X and x1 € [Txp], such that (xg,x1) € A,
(III) X satisfies the order sequential limit property,

then there exists x € X such that xy is a fuzzy fixed point of T
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