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Introduction

Uncertainty theory is a tool to study the indeterminacy phenomena in human systems,
which was founded by Liu [1] in 2007. It was refined by Liu [2] and has become an
axiomatic system via normality, duality, subadditivity, and product axioms of uncertain
measure. Up to now, many branches of mathematics emerged based on uncertainty the-
ory, such as mathematical programming [3], uncertain set and uncertain inference [4],
uncertain logic [5], uncertain risk [6,7], and uncertain insurance [8].

Uncertain process is essentially a sequence of uncertain variables indexed by time which
was first introduced by Liu [9]. After that, a significant uncertain process called canonical
process was designed by [10]. The canonical process is a stationary independent incre-
ment process with Lipschitz continuous sample paths. Meanwhile, uncertain calculus
with respect to canonical process called Liu calculus was developed by Liu [10]. In order
to describe the evolution of uncertain phenomenon with some jumps, Liu [9] proposed
the uncertain renewal process. Afterward, Yao [11] presented the uncertain calculus with
respect to renewal process called the Yao calculus. Recently, Yao [12] proposed multi-
dimensional uncertain calculus with Liu process, Chen [13] studied the uncertain calculus
with finite variation processes. More research about uncertain process can be found in
references [14-16].

Uncertain differential equation was proposed by Liu [9], which is an important tool
to deal with uncertain dynamic systems. Different from stochastic differential equation
driven by a Wiener process [17], uncertain differential equation is a type of differen-
tial equation driven by uncertain process. In order to know well uncertain differential
equation, many researchers did a lot of work. Chen and Liu [18] proved an existence
and uniqueness theorem of solution under global Lipschitz condition and proposed an
analytic solution for linear uncertain differential equation. Gao [19] gave an existence
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and uniqueness theorem with local Lipschitz condition. In 2009, Liu [10] gave a con-
cept of stability of uncertain differential equation. After that, Yao et al. [20] proved
some stability theorems of uncertain differential equation. In addition, Sheng and Wang
[21] investigated the stability in pth moment for uncertain differential equation, Liu
et al. [22] studied the almost sure stability, and Yao et al. [23] showed the stability in
mean. In order to obtain the solution of uncertain differential equation, Liu [24] and
Yao [25] provided the analytic solutions for some special nonlinear uncertain differ-
ential equations, respectively. Yao and Chen [26] presented a numerical method for
solving uncertain differential equation when it is difficult to obtain analytic solution. Yao
[27] also discussed the extreme values and integral of solution of uncertain differential
equation.

Uncertain differential equation was first applied in finance by Liu [10] in 2009. Mean-
while, Liu [10] presented an uncertain stock model in uncertain financial market and
proved the European option pricing formulas. After that, Chen [28] gave the America
option pricing formulas. Besides, Peng and Yao [29] presented another uncertain stock
model and corresponding option pricing formulas. Liu [30] discussed some possible
applications of uncertain differential equations to financial markets. Li and Peng [31]
proposed a stock model with uncertain stock diffusion. Liu et al. [32] built an uncertain
currency model and proved the currency option pricing. Jiao and Yao [33] considered an
interest rate model in uncertain environment. Yao [34] proved a no-arbitrage theorem
for uncertain stock model. In addition, uncertain differential equation was also applied in
uncertain optimal control [35] and uncertain differential game [36].

The extensions of uncertain differential equation also attracted the attention of schol-
ars. Several recent contributions in the extension literature have studied this question in
many directions. Yao [11] suggested the uncertain differential equation with jumps. Ge
and Zhu [37] discussed the backward uncertain differential equation. Barbacioru [38], Ge
and Zhu [39], and Liu and Fei [40] focused on the uncertain delay differential equation.
Yao [12] proposed the multidimentional uncertain differential equation via multidimen-
sional uncertain calculus. Ji and Zhou [41] proved an existence and uniqueness theorem of
solution for multidimensional uncertain differential equation. Yao [42] studied the higher
order uncertain differential equation.

Usually, the uncertain factor influencing dynamic systems is not alone. In 2012, Liu
and Yao [43] extended uncertain integral from single canonical process to multiple ones.
This provides a motivation to consider the concept of uncertain differential equation
driven by multiple uncertain processes. In this paper, we present a type of uncertain dif-
ferential equation driven by multiple canonical processes which can be regarded as a
generalization of the uncertain differential equation proposed by Liu [9].

The rest of the paper is organized as follows. Some preliminary concepts of uncertainty
theory and uncertain calculus are recalled in the ‘Preliminary’ section. After that, the mul-
tifactor uncertain differential equation is presented. Following that, a numerical method
is introduced. In addition, an existence and uniqueness theorem is proved. Finally, a brief

summary is given.

Preliminary
In this section, uncertainty theory and uncertain calculus are introduced and some basic
concepts are given.
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Uncertainty theory
Let I' be a nonempty set and £ a o -algebra over I'. Each element A in £ is called an event.
A set function M from L to [0, 1] ia called uncertain measure if it satisfies the following

axioms:

(1) (Normality axiom) M{I'} = 1 for the universal set I';
(2) (Duality axiom) M{A} + M{A€} = 1 for any A € L;
(3) (Subadditivity axiom) for every countable sequence of events A1, Ay, - - - , we have:

M {U Ai} < ZM{Ai}.
i=1 i=1

The triplet (T", £, M) is called an uncertain space. In order to obtain an uncertain
measure of compound event, Liu [10] defined a product uncertain measure which
produces the fourth axiom of uncertainty theory:

(4) (Product axiom) Let (I, Li, My) be uncertain spaces for k = 1,2, - - - The product
uncertain measure M is an uncertain measure on the product o -algebra
Ly X Ly x - - satisfying:

oo
M Art = min Mi{A
{l_[ k} ISHI:ISHOO Ak}
k=1
where Ay are arbitrarily chosen events from Ly for k = 1,2, - - -, respectively.

An uncertain variable is defined as a measurable function from an uncertain space
(T, £, M) to the set of real numbers, i.e., for any Borel set B of real numbers, the set:

{6 eBy={y eTl'lé(y) € B}

is an event.
The uncertainty distribution ® : ;i —[0, 1] of an uncertain variable £ is defined by Liu
[1] as:

D) =M{y el | &) <x},

and the inverse function ®~! is called the inverse uncertainty distribution of £.
An uncertain variable & is called normal if it has a normal uncertainty distribution:

d(x) = (1 + exp (n(e—x)))_l xeN
= 3o , )

denoted by N (e, 0) where e and o are real numbers with o > 0.

The expected value of uncertain variable £ is defined by Liu [1] as:

—+00 0
Eel= [ M = rdr— f M(E < r}dr
0 —00

provided that at least one of the two integrals is finite. The variance of £ is defined as
VIE] = E[(€ — E[£])%].

Let &1,&,---,&, be independent uncertain variables with uncertainty distributions
d, &y, -+, Dy, respectively. Liu [2] proved that if f(x1, %9, - ,%,) is a strictly increas-
ing function with respect to x1,x9, - ,%, and strictly decreasing with respect to
X+l Xm+2, - %y, then & = f(&1,&,--+,&,) is an uncertain variable with inverse
uncertainty distribution:
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U e) = f(@7 @), @, @), 4 A —a), -, @, (L — ).

m

Furthermore, the expected value of uncertain variable § = f(§1,&,---,&,) was
obtained by Liu and Ha [44] as follows:

1
E[£]= / f@7 @), @, @), @, A —a), -, @, (1L — @)d.
0

Uncertain calculus

Definition 1. (Liu [9]) Let T be an index set and let (T, L, M) be an uncertain space. An
uncertain process is a measurable function from T x (I, L, M) to the set of real numbers,
i.e, foreacht € T and any Borel set B of real numbers, the set:

{Xe e By ={y e I' | X;(y) € B}
is an event.
Definition 2. (Liu [10]) An uncertain process Cy is said to be a canonical process if
(i) Co = 0 and almost all sample paths are Lipschitz continuous;
(ii) Cy has stationary and independent increments;

(iii) every increment Csyy — Cy is a normal uncertain variable with expected value 0 and
variance t%.

Definition 3. (Liu [10]) Let X; be an uncertain process and C; be a canonical process.
For any partition of closed integral [a,b]l witha = t) <ty < -+ < tyy1 = b, the mesh is
written as:

A= max | 11—t |-
1<i<k

Then, Liu integral of X; with respect to C; is:

b k
/ X,dC; = iimOZXti(CtM —Cy)
a Vi

provided that the limit exists almost surely and is finite. In this case, the uncertain process
Xt is said to be integrable.

Example 1. Let f(¢) be a continuous function with respect to t. Then, the uncertain
integral:

/f(t)dCt
0

is a normal uncertain variable at each time s, and:

/0 FOAC, ~ N (o, /O F©) ] dt) .

Definition 4. (Liu [9]) Suppose C; is a canonical process, and f, g are some given
functions. Then,

dX, = f(t, Xy)dt + g(t, Xy)dC; (1)

is called an uncertain differential equation.
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The uncertain differential with respect to canonical processes Cis, Cos, -+, Cyy is
defined by Liu and Yao [43] as follows.

Definition 5. (Liu and Yao [43]) Let Cyz, Coy, - - - , Cyt be canonical processes and let Z;

be an uncertain process. If there exist uncertain processes ji; and o1z, 02, - - - , Oz such that:
t nooay
Zy =2 +/ wsds + Z/ 0isdCis (2)
0 — Jo
i=1

foranyt > 0, then, we say Z; has an uncertain differential:

dZ; = pdt + Y oudCi. 3)
i=1

In this case, Z; is called a differentiable uncertain process with drift , and diffusions

O1t:02¢5*** » Ont.

Theorem 1. (Liu and Yao [43]) (Fundamental Theorem of Uncertain Calculus) Let
Cit, Cot, -+ -, Cyt be canonical processes. If h(t,c1,c¢2,- -+ ,¢y) is a continuously differen-
tiable function, then the uncertain process Z; = h(t, C1z, Coy, - - - , Cyt) is differentiable and
has an uncertain differential:

dh “\ o
dZ; = —(t,Ci, Coty -+, Cup)dt + ) — (& C1i, Coy -+, Cur)dCs.
Jat o1 ac;

Multifactor uncertain differential equation

Usually, the uncertain factor influencing dynamic systems is not alone. In order to model
the dynamic systems with multiple factors, this section will extend the uncertain differ-
ential equation driven by single canonical process to one driven by multiple independent
canonical processes.

Definition 6. (Liu [45]) Uncertain processes X1z, Xot, + - - , Xy are said to be independent

if for any positive integer k and any times t1,t1,- - - , ty, the uncertain vectors:
gi = (Xithin e ;Xitk) ’i = 1: 2; Ry

are independent, i.e., for any Borel sets B1,By, - , By, of k-dimensional real vectors, we
have:

M {ﬂ(«si € B»} = /\ M{§; € Bi).
i=1

i=1

Theorem 2. (Liu [45]) Let Xi4,Xot, -+ ,Xue be independent uncertain processes
with regular uncertainty distributions @y, ®o, -+ -, Py, respectively. If the function
f(x1,x0, -+ ,xy) is strictly increasing with respect to x1,x3, - - - , %Xy, and strictly decreasing
With respect t0 Xy 41, Xm42, "+ + Xy, then:
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Xe =f (X, Xoe, -+ Xue)
is an uncertain variable with inverse uncertainty distribution:

@ (@) =f( @7 @), , Dy (@), DLy (A=), D 1 — ).

Definition 7. Suppose Cit, Cot, -+, Cye are independent canonical processes, and f,
g1, %, + 8y are some given functions. Then:
n
X, = f(¢, Xp)dt + Zgi(t, Xp)dCi (4)
i=1
is called an uncertain differential equation with respect to Cyt, Coy, - - - , Cys. A solution is

an uncertain process Xz that satisfies Equation 4 identically in t.

The uncertain differential Equation 4 is equivalent to the uncertain integral equation:

X, =Xo + /0 Fe.Xpde+y /0 (6 X)dCir
i=1

(5)

Example 2. Let a, b and ¢ be real numbers, and let C1y, Co; be independent canonical

processes. The uncertain differential equation:

dXt = adt + de]t + chzt (6)
has a solution:
Xt = X() + at + bClt + CC2t~ (7)
Theorem 3. Let g vig, Vg, ---, Ve be integrable uncertain processes and let
Cit, Cot, -+, Cye be independent canonical processes. Then, the uncertain differential
equation:
n
dXy = peXedt + Z it X¢dCit (8)
i=1
has a solution:
t "ot
Xo=Xoew ( [ s+ Y [ wdci ). ©
0 = Jo

Proof. At first, the original uncertain differential equation is equivalent to:

aX;

n
7;: = uedt + ; it dCit.

It follows from the fundamental theorem of uncertain calculus that:

dlnx, = Xt dt + f vidC,
n = = Vi 7
t X, 1257 L itadCit

and then:

t n t
InX, = InXo + / psds + / visdCis.
0 i=1 70

Therefore, the uncertain differential Equation 8 has a solution (9).
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Example 3. Let a, b, and c be real numbers, and let Ci; and Cy be independent

canonical processes. The uncertain differential equation:
dXt = dXtdt + bXtdCu + CXtdC2t (10)

has a solution:

Xt = Xoexp (at + bCyy + cCyy) . (11)
Theorem 4. Let (i1, Wop Vie Vo« Vpr and 1z, @or, - -+ , @y be integrable uncer-
tain processes. Assume Ciy, Coz, - -+ , Cyy are independent canonical processes, then the

uncertain differential equation:

n
dX; = (U1 Xs + pag)dt + Z(VitXt + w;it)dCj; (12)
i=1

has a solution:

thut<xo+/“23d +Z/ ey ) (13)

where:
t n t
Uy = exp / M1sds + Z/ V;sdCis | . (14)
0 = Jo

Proof. Define two uncertain processes U; and V; via uncertain differential equations,

n
dLIt = //Ltutdt + Z vitutdcitr
i=1

dv, =" Tt Z %dc,t
It follows from the integration by parts that:

n
d(UVy) = VidUy + UdVy = (1 U Vi + pogdt) + Z(Vitutvt + wit) Ciz.
i—1

That is, the uncertain process X; = U;V; is a solution of the uncertain differential
Equation (12). Note that:

t nooap
Uy = Uy exp (/ H1sds + Z/ viSdCis) )
0 ‘= J0

Vt VO+/ Mstt+Z/ wlsdczs

Taking Uy = 1 and Vp = Xj, we get the solutions (13) and (14). The theorem is proved.
Note that #» = 1, the uncertain differential Equation 12 degenerates to the linear

uncertain differential equation in Chen and Liu [18].

Example 4. Let m, a, o, and w be real numbers and let Cy; and Cy; be independent

canonical processes. The uncertain differential equation:

dX; = (m — aXy)dt + odCyy + wdCoy (15)

Page 7 of 19
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has the solution:
m t t
X; = exp(—at) (Xo + ;(exp(at) -1 +/ o exp(as)dCis —|—/ wexp(as)dCzS)
0 0
(16)
provided that a # 0.

Example 5. Let m, o, and w be real numbers and let Cyy and Cy be independent
canonical processes. The uncertain differential equation:

dXt = mdt + O'XtdCU + thdCZt (17)
has the solution:
t
Xt = exp(o C1: + wCy) (Xo + / mexp(o Cys + wCzs)ds> . (18)
0
Theorem 5. Let f be a function of two variables and let o1, 094, - - - , 0y be integrable
uncertain processes. Assume Ciy, Coz, - - - , Cyy are independent canonical processes, then

the uncertain differential equation:

n
dXt :f(t,Xt)dt + ZaitXtdCit (19)
i=1

has a solution:
X, =Y,'7 (20)

where:

"ot
Y: = exp (— Z/ aistis> (21)
=10
and Z; is the solution of uncertain differential equation:
Az, = Yf (t, Y[IZt) dt 22)
with initial value Zy = Xo.

Proof. By the fundamental theorem of uncertain calculus, the uncertain process Y; has
an uncertain differential:

n ¢ n n
dYt = —exp <— Zf aistis) Zo'itdcit = _Yt ZO’itdCit.
=170 i=1 i=1
It follows from the integration by parts that:

n n
d(XtY[) = XtdY[ + Ytht = —XtY[ Z oitdCﬂ + YJ(t; Xt) + Xth Z O'l‘[dcl‘t.
i=1 i=1
That is,

dXiY) = Yif (£, Xy).

Defining Z; = X;Y;, we obtain X; = Y;lzt and dZ; = Yif (t, Yt_IZt>. Furthermore,
since Yy = 1, the initial value Zj is just Xo. The theorem is proved.

Note that # = 1, the uncertain differential Equation 19 degenerates to the nonlinear
uncertain differential equation in Liu [24].
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Example 6. Let 01,09, - - - , 0y be real numbers and let Cy;, Coy, - - - , Cyy be independent
canonical processes. Consider the uncertain differential equation:

n
dX; =f(t, Xp)dt + ) 0:X,dCiy. (23)
i=1

Theorem 5 shows that:

n
Y; = exp (— ZU"C"5>
i=1

and:
n
Xy = exp (Z criC,'s> Z
i=1

where Z; is the solution of uncertain differential equation:

dZ; = exp (— Z JiCis)f (t, exp (Z G,'Cis) Zt) dt
i=1

i=1

with initial value Zo = Xo. Taking f (¢, X;) = XY, o # 1, we can obtain:

dZtl_“ =1 —a)exp ((1 — o) ZO‘,’le) dt

i=1
and:
1

n t n 1 _
X; = exp (Z aiC,-t> (Xé_‘" +(1 - a)/ exp ((1 — ) Z‘Ticis) ds) « .
i=1 0 i=1

Theorem 6. Let g1,2, - - - , g, be functions of two variables and let oy be an integrable
uncertain process. Assume Ciy, Coy, - - - , Cyyy are independent canonical processes, then the

uncertain differential equation:

n
dXt = OltXtdlf + Zgi(t,Xt)dCit (24')
i=1

has a solution:
X, =Y,'7 (25)
where:

Y; = exp <—/Otozsds) (26)

and Z; is the solution of uncertain differential equation:

Az, =Y, Xn: g (t, Y;lzt) dt (27)
i=1

with initial value Zy = Xy.

Proof. It follows from the fundamental theorem of uncertain calculus that:

t
dYy = —exp (—/ asds) adt = — Yo dt.
0

Page 9 of 19
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Using the integration by parts, we have the following:

n
d(Xth) = XtdY[ + Ytht = —XtY[Oltdt + YtatXtdt + Yt Zgl‘(t, Xt)dCit.
i=1

That is,

dX.Yy) =Y, Y git, X)dCiy.
i=1

n
Define Z, = XY, then X; = ¥, 'Z, and dZ: = Y, Y g (t, Y;lzt) dCy. In addition,
i=1
since Yy = 1, the initial value Zj is just Xo. The theorem is proved.

Note that # = 1, the uncertain differential Equation 24 degenerates to the nonlinear

uncertain differential equation in Liu [24].

Example 7. Let o, b, ¢, and B be real numbers with 8 # 1, and let Ciy, Cot, - -+ , Cyyy be
independent canonical processes. Consider the uncertain differential equation:

dX; = aX,dt + bXPdCy, + cXPdCy,. (28)
At first,
Y = exp(—at)

and Z; satisfies uncertain differential equation:
dZ, = bexp((B — Dat)ZPdCy; + cexp((B — Dat)ZPdCy,.
Since B # 1, we have:
Az} = (1 — B)(bexp((B — 1)at)dCi; + cexp((B — )at)dCy).

It follows from the fundamental theorem of uncertain calculus that:

¢ t
Ztl—a _ Zé—a +(1=p) <b/ exp((8 — Das)dCys + c/ exp((B — 1)as)dC25> .
0 0

Theorem 6 says the uncertain differential equation has a solution:
1

t t —
X; = exp(at) (Xé_“—l—(l—ﬁ)(b/ exp((B — Das)dCys + c/ exp((B — l)ocs)dCZS) 1- ’3.
0 0

Numerical method
However, in many cases, it is difficult to find analytic solutions of uncertain differential
equations. Yao and Chen [26] presented a numerical method called Yao-Chen method to

obtain the inverse uncertainty distribution of solution.

Yao-Chen formula
Definition 8. (Yao and Chen [26]) Let a be a number with 0 < a < 1. An uncertain
differential equation

dxX, = f (¢, Xp)dt + g (¢, Xp)dCy (29)
is said to have an a-path X} if it solves the corresponding ordinary differential equation:

dXy =f (6 X7) dt+ | g (6, X7) | &~ (a)dt (30)
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where ®~1() is the inverse standard normal uncertainty distribution, i.e.,

V3., o« ’

o (o) = —Sln
T l—«

Theorem 7. (Yao-Chen Formula [26]) Assume that f, g1,82,--- ,gy are continuous
Sfunctions of two variables. Let X; and X{* be the solution and a-path of the uncertain
differential equation:

dXt =f(t,Xt)dt +g(t, Xt)dCt,
respectively. Then:

M{X, < X7, Vt} =,

M{X, > X7, vt} =1—a.

Theorem 8. (Yao and Chen [26]) Assume that f, g1, 82, - - - , gn are continuous functions
of two variables. Let X; and X{' be the solution and a-path of the uncertain differential

equation:
dX; = f(t, Xp)dt + g(t, X;)dC;,

respectively. Then, the solution X; has an inverse uncertainty distribution:

v @) = X2

Generalization
In this subsection, we generalize the Yao-Chen formula to the multifactor uncertain
differential equation.

Definition 9. Let o be a number with 0 < a < 1, and let Cis, Cos, -+ ,Cy be
independent canonical processes. An uncertain differential equation:

dX, =f(t, X)dt + ) git, X,)dCy (31)
i=1

is said to have an o-path X} if it solves the corresponding ordinary differential equation:

n
dXy =f(6Xp)de+ Y g (6XF) | @ )t (32)
i=1
where () is the inverse uncertainty distribution of standard normal uncertain
variable N'(0,1), i.e.,
N

o (o) = —Sln
T l—«

,0<a < 1.

Example 8. Let a, b, and c be real numbers. The uncertain differential equation:
dXt = adt + deU + chZt, Xo =0
has an a-path:

X =at+(b|+|chd .
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Lemma 9. Assume that f (t,x) and g(¢, x) are continuous functions. Let ¢ (t) be a solution
of the ordinary differential equation:

dx

It =f(t,x)dt + K | g(t,x) |, x(0) = xo

dx

where K is a real number. Let  (t) be a solution of the ordinary differential equation:
It =f(t x)dt + k(t)g(t,x), x(0) = xo

where k(t) is a real function.

(i) Ifk(t)g(t,x) <K |g(tx)|fort €[0,T], theny(T) < ¢(T),
(i) Ifk(t)g(t,x) > K| g(t,x) | fort €[0, T], then Yy (T) > ¢(T).

Theorem 10. Assume that f, g1, g2,

,&n are continuous functions of two variables and
Cll” CZZ" o

-, Cyt are independent canonical processes. Let X; and Xi' be the solution and
a-path of the uncertain differential equation:

n
dX, = f (&, Xp)dt + ) gi(t, Xp)dC,
i=1

respectively. Then:

M{X, < X7, vt} =,

M{X; > X7, vt} =1—a.

Proof. For each «-path X7, we construct sets as follows,

Th={tla(6X7) =z 0},

T; ={t1g(tX7) <o},
i=1,2,---,n Itis obvious that Tlﬂ'ﬂTi— = Jand TZ»J“UTI._ =[0,+4+o00) foreachl <i < n.
Write:
dCi(y)
+ it
i = {V T

& (o) fort e TL.*},

dC;
A£={V ! %Zq)_l(l—a) forteT;},

i =1,2,---,n, where ®! is the inverse uncertainty distribution of A'(0, 1). Since T;"
and T; are disjoint sets and Cj; have independent increments, we get:

M{Af}=a, M{Az}=a M{A[NA;} =0
Foranyy € A;; N A;;, we always have:

dcC;
gi(t,Xt(y»#

gk tX) | @7 Ha), Ve, i=1,2,--- ,n.
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n
Let Af nAy = m(AI DAH). Because Cy;, Cyy, -+, Cy are independent and
i=

1
M{AIQAH} =«,i=12,---,n wehave:

1<i<n

n
M{Af N AT {ﬂ (A NAy) }_ min M{A{NA,) =
i=1
Then, for any y € AT N A, we have:

Zgluxt(y)) ”(”<Z|gl (&X7) 1 @ (@), Ve

i=1
The Lemma 9 shows that X; < X for all ¢, so Af NAT C {Xt < Xf‘,‘v’t}. Hence:

M{X; < X7, ¥t} = M{A] NA ) =0 (33)

On the other hand, write:

dc;
AIT;: {y | :;t(y) > & () forteT;r},

dc;
Ap = {V| ;;y)<®_1(1—a)forteTi_},

i=1,2,---,n. Since T;r and 7, are disjoint sets and C;; has independent increments, we
get:
M{Aaf}=1—a, M{AL}=1—0a, M{ALSNAL}=1-0a.

Forany y € A;; N A}, we always have:

&t X () ”t(y) > g (6XE) | 7M@),V i=1,2,-,n

n
Let A; NA, = m(AE ﬂAi_Z). Because Cy;, Co, -+, Cy are independent and
i=1
M{ALSN AR} =1-0a,i=1,2,--+,n wehave:
n
+ + _
M{AT NA; {ﬂl AL NAL) }_lrgmnM{AlzﬂAlz}_l—a.

i=

Then, for any y € A} N A5, we have:

36t X)) e NP IR IS R
i=1

i=1
The Lemma 9 shows that X; > X¥ forany ¢,s0 A N A5 C {X; > X, Vt}. Hence:

M{X; > X7, Vt) = M{ASN AL} =1—a. (34)
Since {Xt <Xy ,Vt} and {Xt £ X?,Vt} are opposite events with each other. It follows

from the duality axiom that:
MAX, < X7, Vi) + M{X, £ X7, vt} =1

In addition, {X; > X¥,Vt} C {X; £ X{,Vt} means that:
MAX, < X7, Ve} + M X, > X7, vt} < 1. (35)

Thus, the results follow from (33), (34), and (35).
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Theorem 11. Assume thatf, g1,g2,- - - ,gn are continuous functions of two variables and
Cit; Cos - - -, Cy are independent canonical processes. Let X; and X' be the solution and

a-path of the uncertain differential equation:

dX, = f(t, Xp)dt + ) gi(t, Xp)dCi,
i=1

respectively. Then, the solution X; has an inverse uncertainty distribution:

U ) = X2,
Proof. Obviously, {Xt < Xf‘} D) {Xs <X, Vs} . It follows from the monotonicity
theorem and Theorem 10 that:
M{X; < X7} = M{X; < X¢,Vs) =a. (36)
Similarly, we also obtain:
M{X; > X7} = M{Xs > XJ,Vs} =1—a. (37)
Besides, by using the duality axiom, we have:
M{X, < XP+M{Xe > X7} =1 (38)
It follows from (36), (37), and (38) that:
v (@) = X2
Example 9. Let a, b, and c be real numbers and let Cy; and Cy; be independent canonical
processes. The uncertain differential equation:
dX; = aXdt + bXdCiy + cX:dCo, Xo =1 (39)
has a solution:
X; = exp(at + bCyy + cCy)
with an inverse uncertainty distribution:

U @) =exp(at+(bl+chP ().

Based on the previous theorem, the Yao-Chen method can be generalized to the

multifactor uncertain differential equation as follows.

Step 1: Fix o on (0, 1).

Step 2: Solve the corresponding ordinary differential equation:

axy =f (6, Xy) dt + Xn: lgi (6 X7) | @ (a)dt
=1
and obtain X}, for examplel, we can choose the recursion formula:
P = XP S (6 X)) i+ Z | g (6 X7) | @ H(@)h
j=1

where ®~1(a) is the inverse standard normal uncertainty distribution and / is

the step length.
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Step 3: The inverse uncertainty distribution of X; is obtained.

Example 10. In order to illustrate the numerical method, let us consider an uncertain
differential equation:

dX; = X¢dt + X;dCys + X;dCot, Xo =1 (40)

whose solution is X; = exp(t + Cir + Cyp). The Matlab Uncertainty Toolbox (http://
orsc.edu.cn/liu/resources.htm) may solve this equation successfully and obtain an inverse
uncertainty distribution of X; at t = 1/2 shown in Figure 1.

Existence and uniqueness theorem
This section will give an existence and uniqueness theorem of solution for the multifactor

uncertain differential equation under Lipschitz condition and linear growth condition.

Lemma 12. (Chen and Liu [18]) Let C; be a canonical process, and X; an integrable
uncertain process on | a, b] with respect to t. Then, the inequality:

b b
| [ xandcin 1=k [ 1x0) 1at
a a
holds, where K(y) is the Lipschitz constant of the sample path X;(y).

Theorem 13. Let f, g1,82, - - - ,gn be functions of two variables and let Cyy, Cot, - - - , Cye
be independent canonical processes. Then, the uncertain differential equation:

n
dX, = f(t, Xpdt + Y gi(t, X)dCy
i=1

has a unique solution if the coefficients f, g1,82, - - - , gn Satisfy the Lipschitz condition:

|f&x) —f@y) |+ 1git,x) —gity) IS L x—yl, forall x,y e R, t>0 (41)
i=1

t=1/2, Xg=1
Figure1 t =1/2, Xp = 1.
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and linear growth condition:

1f&x) |+ 1 gi(t,2) [<LA+ | %)), forall x €%, ¢ >0 (42)
i=1

for some constant L. Moreover, the solution is sample-continuous.

Proof. We first prove the existence of solution by a successive approximation method.
Define XLSO) = Xp, and:

t n t
X" =Xy + / f (s,XS(”_l)>ds+Z / g (S,Xs(n_l)>dcis
0 i=1 Y0

forn=1,2, - ,nand write:
D}(y) = max | X!V (y) = X" (y) |
0<s<t

foreachy eT.
We claim that:

Ln-‘rl(l +1<)/)n+1 1

Di(y) = (1+ | Xo |) RSN

n

where K, = ZKW’ and Kj, is the Lipschitz constant to the sample path Ci:(y), i =
i=1

1,2,---,nm.

For n = 0, we have:
© s n s
Dy (= imax I /0 f(v, Xo)dv + E fo &i(v, X0)dCi(y) |
== i=1

t n
< /0 f 0, Xo) | dv+ 3 Kiy 1| @i Xo) | dv
i=1

< A+ | Xo DLA + Kyt

where the first inequality comes from Lemma 12, the second comes from the linear
growth condition.
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This confirms the claim for n» = 0. Next, we assume the claim is true for some n — 1.
Then:

D)= max | [ x20) ~f (w3 ) av

+ S i, X)) — g (X)) dCy
by [ (@22 @) = (nx020) dciin |
t

< X)) —f (vx V) 1d

< [ 1 rwx0) —f (w3 o) v
n t

+ i 1X‘En) — &i 1X|En_1) dCiV
)3 |1 @ x2) = (nx020)) 1 dCun
t

<1 1X00) X)L av
0
n t

+ Ki/ i, X)) — g (v, x0T d
2K | | (& XP @) =g (n XD ) | dv
t

<[ 100 - X0 1 dy
0
n t

ALY Ky [ 1X00) = X0V | dy
i=1 0

t
< L1 +K) f | X9 () = X" D) | dy
0

L"(1+ K"
n!

t
<L+ Ky)/ (14 | Xo ) Vidy
0

Ln+1(1 +I<V)n+l tn+1

= (14| Xo ) PR

It follows from Weierstrassaf criterion that, for each sample y, the paths bek) (y) converges
uniformly on any given interval [ 0, T]. Write the limit by X;(y) that is just a solution:

t n t
X; = Xo + / flsXds+ / (s, X5)dCis.
0 i=1 0

Next, we prove that the solution is unique. Assume that X; and X} are solutions. The

Lipschitz condition and linear growth condition show:

t

| Xe(y) — X7 (») | L +Ky)/0 | Xo(y) — X5 () | dv.
It follows from Gronwall inequality that:
| Xe(y) = X7 (1) | 0-exp(L(1 + Ky)).

Hence, X; = X;. The uniqueness is proved.
At last, we will prove the sample-continuity of X;. For each y € I', by the above proof,

we get:

+00
Ln+1(1 +I( n+1
X < 1+ | Xo )——F—
(M <Y A+ 1 X D) CES

n=0

£ = (14 | Xo |) exp(L(1 + K))o).
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Suppose 0 < s < t, we have:
t n ‘
| Xe() —Xs) 1= 1 | fu,X)dv+ Y [ gi(v,X,)dCyy |
s i=1
t n .
< [ 1fwx) 1+ 3 [ g, X G,
s i=1

t n
s/meHM+Zmﬁmmmnm
s i=1
< (L4 KL+ | Xo() Dt —9)

< (1 +K)L( + (14 | Xo |) exp(L(1 + K1) (£ — 5).

Thus | X¢(y) — Xs(y) |— 0ass — t. Hence, X; is sample-continuous. The theorem is
proved.

Note that #n = 1, the existence and uniqueness theorem degenerates to the one in Chen
and Liu [18].

Conclusions

Uncertain differential equation is an important tool to deal with dynamic systems in
uncertain environments. In this paper, the multifactor uncertain differential equation
was proposed. Four special types of multifactor uncertain differential equations were
studied and the corresponding analytic solutions were given. For general multifactor
uncertain differential equation, a numerical method was provided for obtaining the
solution. Also, an existence and uniqueness theorem that the multifactor uncertain dif-
ferential equation has a unique solution was proved. The proposed multifactor uncertain
differential equation can be used to describe the multifactor stock model in uncertain

market.
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