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Introduction

Wiener process was used as the stock price process as early as 1900 by Bachelier. Since
Wiener process allows negative value which is violating the reality, geometric Brownian
motion with positive drift was proposed to describe the stock price by Samuelson [17]. In
1973, Black and Scholes [1] and Merton [16] developed the famous analytic option pricing
formulas based on assuming the underlying stock price followed geometric Brownian
motion. Since then, geometric Brownian motion has become the basic component part
for option pricing and many studies have derived various option pricing formulas with
different assumptions about the market.

When these option pricing models are dealt with, indeterminacy must be taken into
account. We need a mass of data when constructing models based on probability or statis-
tics. However, due to lack of observed data and the complexity of environment, when
making decisions, people have to consult with domain experts. In this case, information
and knowledge cannot be described well by random variables since human beings usu-
ally overweigh unlikely events. In order to model this type of human uncertainties, Liu [9]
suggested to deal with it with uncertainty theory. Based on normality, duality, subadditiv-
ity, and product axioms, uncertainty theory was well developed in both theory aspect and
practice aspect, see Liu [5-7].

Uncertain process was first introduced by Liu [14] to model the uncertain dynamic
systems. Then, Liu [15] designed a canonical Liu process as the basic building block for
uncertain calculus [15] and uncertain differential equation [14]. By assuming stock price
followed a geometric canonical Liu process, Liu [14] derived the European option pricing
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formulas. Based on Liu’s framework, American option pricing formulas for uncertain
stock market were derived by Chen [2].

However, more reasonable stock price model should include jumps. Liu [14] intro-
duced an uncertain renewal process which has uncertain event occurrence times. Yao [18]
defined an uncertain integral with respect to uncertain renewal process and proposed
a concept of uncertain differential equation with jumps. After that, Yu [19] proposed
an uncertain stock model with positive constant jumps. Ji and Zhou [4] developed an
uncertain stock model with positive and negative jumps, but the jump sizes were still
constant.

In this paper, we study the uncertain jump process which consists of two parts. The
continuous part of this uncertain jump process refers to an integral with respect to canon-
ical Liu process, and the discontinuous part finitely jumps in each finite time interval.
We will present the definition of integral and differential with respect to uncertain jump
process. And then, we propose an uncertain model of asset price which contains multi-
assets and uncertain jumps. The remainder of this paper is organized as follows. The
next two sections introduce some results of uncertain variable and uncertain differential
equation. In the “Uncertain Jump Process” section, uncertain jump process and uncertain
integral with respect to uncertain jump process are proposed. In the “Multi-asset Option
Pricing Formulas” section, pricing formulas for three different exotic options with payoffs
affected by at least two underlying asset prices are derived. Finally, a conclusion is drawn
in the “Conclusions” section.

Uncertain Variable
Uncertainty theory is an axiomatic mathematical system founded by Liu [5] in 2007 and
attracts many researchers to conduct studies on uncertain statistics [7], uncertain pro-
gramming [6], uncertain risk analysis [10], uncertain finance [11], uncertain set [12],
uncertain logic [13], and other application fields. To start with, some useful concepts
about uncertain variables are introduced.

Let (I', £,M) be an uncertainty space where I' is a nonempty set, £ is a o-algebra
defined on I', and M is an uncertain measure which was defined by Liu [5] as a set
function satisfying the following axioms:

Axiom 1. (Normality axiom) M{I"} = 1 for theT.
Axiom 2. (Duality axiom) M{A} + M{A°} =1 for any A € L.
Axiom 3. (Subadditivity axiom) For every countable sequence of {A;} C L, we have

M :U Ai} < ZM{AL'}.
i=1 i=1

Axiom 4. (Product axiom) Let (U, L, My) be uncertainty spaces for k = 1,2,--- The
product uncertain measure M is an uncertain measure satisfying

M !]‘[ Ak} = A\ Miag,
k=1

k=1
where Ay € Ly fork = 1,2, - - -, respectively.
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Following the concept of uncertainty space, uncertain variable & is defined as a
measurable function from an uncertainty space to the set of real numbers. For describ-
ing an uncertain variable &, uncertainty distribution ®(x) = M{ < x} (» €
<N, N is the set of real numbers) is proposed, and if its inverse function ®~1(«) exists and
is unique for each o € (0,1), ®(x) is said to be regular.

Note that product axiom is the main difference between uncertainty theory and prob-
ability theory which implies that uncertain variable and random variable obey different
operational laws.

Definition 1. (Liu [15]) The uncertain variables &1, &, - - - , &, are said to be independent

if
n n
M{ﬂ@em}zAM@e&} (1)
i=1 i=1
for any Borel sets By, By, - - - , By, of real numbers.

Theorem 1. (Liu [7], operational law) Let &1,&,--- ,&, be independent uncertain
variables with continuous uncertainty distributions &1, ®y,-- -, P, respectively. If the
Sfunction f(x1,%2, -+ ,%y) is strictly increasing with respect to x1,%2, - , X, and strictly
decreasing with respect £0 Xy, 1, Xm+2,* * - » %y, then,

E Zf(ébéb'" ;En) (2)
has an uncertainty distribution
U(x) = sup ( min ®;(x;) A min (1 - <I>l'(x,-))) . (3)
F1X2,0 pn)=x 1<i<m m+1<i<n

Definition 2. (Liu [5]) Let & be an uncertain variable. Then, the expected value of € is
defined by

+o00 0
ElE]= W%EMM—/ Mie < #)dx. @)
0 —00

provided that at least one of the two integrals is finite.

For exploring more details and recent developments of uncertainty theory, readers can
consult the book by Liu [8].

Uncertain Differential Equation
In this section, we introduce the concepts of uncertain integral and uncertain differential
equation driven by canonical Liu process.

Definition 3. (Liu [15]) An uncertain process Ci(t € T, T is a time set) is said to be a

canonical Liu process if

(i) Co = 0 and almost all sample paths are Lipschitz continuous,

(ii) C¢ has stationary and independent increments,

(iii) every increment Csy; — Cs is a normal uncertain variable with expected value 0
and variance t, whose uncertainty distribution is
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mx \\ !
D(x) = (1 + exp <—\/§t>> , x €N (5)

Definition 4. (Liu [15]) Let X; be an uncertain process and let C; be a canonical Liu
process. For any partition of closed interval [a, bl witha =t} <ty < -+ < tyy1 = b, the
mesh is written as

A = max |ti+1 — ¢t (6)
1<i<k

Then, Liu integral of X; with respect to C; is defined as

b k
XedCy = i Xy - (G — Cy, 7
ﬁ tdly A{I}OHZI ti ( tit1 tl) (7)

provided that the limit exists almost surely and is finite. In this case, the uncertain process
Xt is said to be integrable.

Definition 5. (Liu [14]) Suppose C; is a canonical Liu process, and f and g are some
given functions. Then,

dZ, = f(t, Zy)dt + g(t, Z;)dC; (8)

is called an uncertain differential equation. A solution is an uncertain process Z; that
satisfies (8) identically in t.

Theorem 2. (Chen and Ralescu [3]) Suppose C; is a canonical Liu process, and . and
oy are two uncertain processes. Let Z; be an uncertain process that satisfies the following
uncertain differential equation

dZt = /Ltdt + UtdCt. (9)

Assume G(t,x) is a continuously differentiable function. Then, the uncertain process
G(t, Z;) satisfies

t oG G e,
G(t, Z) = G(0,Zo) +/ —(8Zs) + —(,Zs) - s dS+/ ——(8,Z5) - 05dC;.
o \ 0Js ax 0 0x
(10)

In differential form:

G G G
dG(t, Zy) = | — & Z) + — (6, Zy) - g ) dt + —(t, Zy) - 0:dCy. (11)
ot ox ox
There is a two-dimensional version of Theorem 2 as follows.

Theorem 3. (Chen and Ralescu [3]) Suppose C,(i) (i = 1,2) are canonical Liu processes,
and //,gl) and at(l)(i = 1,2) are uncertain process. Let Z;l)(i = 1,2) be Liu processes that
satisfy the following uncertain differential equations

az" = (1.2") at+ o (1.20") ac, i=1,2. (12)

Page 4 of 11
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G(t,x1,x2) is a continuously differentiable function, then the uncertain process
G (t, Z;l),Zgz)) satisfies

‘(3G G 9G
G(62".27) = 6 (0.2 2) + / ( + ol <2>> ds
0

Bs o oy 1
le: LaG
+ /0 +a—m~as<l>dc;1>+ /O %-U;Ddcg”. (13)

In differential form:

G 3G 3G
dG (t,Z§1>,z§2)) - ( LG gy o ,M52)> dr
1 2

ot ox 9
G @y, , G @, @
+371"’f( e +372'“t( ac?. (14)

Uncertain Jump Process
In this section, we consider the jump process in Ha et al. (Ha, MH, Gao, ZC, Wang,
XS: Managing water supply risk through an option contract in uncertain environment,

submitted) as follows

t t
Zi=Zo+ f 1eds + / 05dC, + Ji (15)
0 0

where C; is a canonical Liu process, and u; and oy are two integrable uncertain processes.
J¢ is a right-continuous pure jump uncertain process which has only finite jumps on each

finite interval and is constant between jumps.

Definition 6. A process Z; described above is called a jump process. Z; = Zy + fot sds +
fg 05dC; is called the continuous part of this process.

Definition 7. Let Z; be an uncertain jump process defined by (15), X; be an uncertain
process. Then, the uncertain integral of X; with respect to Z; is defined to be

t t t
/ X,dzZ; = f Xopgds + / X00dCs + Y XA, (16)
0 0 0

O<s<t

where AJs is the jump size at time s. In differential notation:
XtdZt = tibtdt + XtotdCt + Xtd]t = Xtde + Xtd]t. (17)

Theorem 4. Let Z(t) be a jump process and G(t,x) be a continuously differentiable

function. Then,

e G 3G
G(t,Zy) = G(O,Zo)+/ (8 Zy) + —— (5, Zs) - s dS+/ ——(8,Zy) - 0,dCy
0o \ 0s ox 0 Ox

+ Y [G(s,Z) — G5, Z)]. (18)

O<s<t

Page 5 of 11



Gao et al. Journal of Uncertainty Analysis and Applications (2016) 4:1 Page 6 of 11

Proof. Let Y; = G(t,Z;) and T; (i = 1, - - , N¢) denote the jump times of Z. Let u, v be
in the same (T}, Ti41). In [, v], Z evolves according to

dZt = Mtdt + thCt.

By applying Theorem 2, we obtain

VoG G VoG
Y,-Y, = / —(8,Zs) + —(8,Zs) - s ) ds +/ —(s,Zs) - 05dC;.
» \ 0s ax u 0x

Letu | T;and v 1 Ti11. We have

T /8G G T 9G
Y7, — Y1, = / ((57 Zs) + ——(s,Zs) - Hs) ds + / ——(8,Z;) - 05dC;s.
T, ds ox 0x

i

If there is a jump at Tj11, then the resulting change in Y is G (t, ZTM) -G (t, ZT71>.
i+
Summing over these two contributions, we obtain

troG G LaG
G(t,Z) = G(0,Zo) +/ ——(8Z) + —(s,Z) - pus | ds + / ——(8,Zs) - 0rdC
0o \ 0s ox 0 0x

+ ) [G(s,Z) — G(s, Z)).

O<s<t

Hence, the theorem is proved.
Following the same method, we give the two-dimensional version of Theorem 4. O

Theorem 5. Let ZED and Zt(z) be two jump processes and G(t,x1,x2) be a continuously
differentiable function. Then

‘G
G (t, z§1>,z§2>) e (o, zg”,z((f)) + fo (85 (s,z§1>,z§2))

G G
0 (o 20,22) 2 4 29 (20,20) P ) 0

X1 X2
£9G ‘96
+ [0 a—xl(s,zgh,zgm)-o;”dct(”+ fo %(s,zgl),zgz))-aﬁ)dc,?)
1 2
+ 3 [6(s20.22) — 6 (s.20.22)]. (19)
O<s<t

Multi-asset Option Pricing Formulas

With the development of globalization and cross-market integration, multi-asset options
are created. In this section, we suppose that the asset price follows uncertain jump pro-
cesses whose right-continuous pure jump part is determined by an uncertain renewal
reward process. Let r denote the risk-free interest rate, e be the log drift, o be the log dif-
fusion, and C; be a canonical Liu process. R; = Zﬁ\il Y; is an uncertain renewal reward
process where N; is the number of renewals in (0, £] with independent and identically dis-
tributed (i.i.d) uncertain interarrival times X1, Xy, --- and Y1, Y5, -- are i.i.d uncertain
variables. We assume that X, Y1, X>, Y»,- - - are also independent. Then, the underlying
uncertain model of asset price is given by

dZt = etht + UthCt + Zt_th. (20)
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Let ¥; > —1,i = 1,2,---. This assumption guarantees that the asset price can jump
down but it cannot jump from positive to negative or to zero. The solution to (20) is

N;
Zy = Zoexplet + o C} [ [ + 1)), (21)
i=1

To check if (21) satisfies the uncertain differential Eq. (20), we define the continuous

part
Z; = Zoexplet + 0 Ct} (22)

and the pure jump part

Ji = ﬁ(l + Y. (23)
i=1
Then, Z; = Z{J;. By using Theorem 2, we have
dZ; = eZ{dt + 0 Z{dC;. (24)
And the jump size of J; at time ¢ is
Al =Jt —Ji—- =Je-(A+Y) —Jt = Ji-AR;. (25)

By using Theorem 5 and the above equations, we obtain

Z = Z{J;
t t
= Z{o + f eZ{Jods + / 0ZJdCs+ > (2 — 25 Ji-]
0 0 O<s<t
t t
= ZgJo + / eZJsds + / 0 ZJdCs+ Y ZE Ji AR
0 0 O<s<t
t t
= Zo+ / eZds + / 0ZdCi+ Y Zy AR, (26)
0 0 O<s<t

This verifies that (21) is the solution to (20).

Theorem 6. Assume C; has distribution ®;(x), Y1,Ys, - and X1, X, - - - have distribu-
tions F(x) and H(x), respectively. Then, Z; has an uncertainty distribution

{ (lnxl—et>
Vi(x) =  sup S| —

x1%0=x/Z0 o

A (I}:Zaé( (1 —H (kil)> AF (exp (x—kz) - 1))} . 27)

Page 7 of 11
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Proof. Because Y; has distribution F(x), In(1 + Y;) has distribution F (exp(x) — 1).
H?L(l + Y;) has an uncertainty distribution

Ny
Tiw) = My[[a+vy) < x}

i=1

N;
=M Zln(l—{— Y) < lnx}
i=1

00 k
=M U(Ntzk)ﬂZIn(1+Yi) <x

i=1

—aef v, = k)m(ln(1+Y1)<;§)}

k=0
= r}{laxM {(Nt <kn (ln(l + Y1) f)

_ maxM{(Nt <k}A M{(ln(l + Y1) ?>]

= r}:;(;( <1 —H (kj—l)) AF (exp (%) - 1) . (28)

On the other hand, exp{et + o C;} has uncertainty distribution ® M . By the
P y M
operational law of uncertain variables, Z; has an uncertainty distribution

We(x) = M{Z; < x}

N;
M {Zoexp{et +0C) l_[(l +Y) < x}
i=1

N;
sup M {(exp{et +0C) <xp)N (1_[(1 +Y) < x2> }

x1%2=%/Z0o i=1

N;
= sup MA{(expfet+0oCs} <x)}AM [ (l—[(l +Y) < x2> }

x1%2=x/Z0o i=1

Inx; —et t
sup {(Dt () A <max (1 —H </ 1))
x1x0=x/Z0 o k>0 K+
(oo () 1)

The theorem is proved. O

Dual-Strike Options

A dual-strike option is an option which has two strike prices written on two underlying
financial assets. In an uncertain environment, suppose the two assets Z;l) and ZEZ) both
follow the uncertain jump process given by (20) and are independent. Then, the payoff of
a European dual-strike option is max {aq (Z;D — K1> , W3 (Zgz) — 1(2) , O} where K7 and
Kj are the strike prices, w; and wy are 1 for a call option and —1 for a put option. By
discounting the expected payoff at expiration date T, the price of the dual-strike option is

fis = exp(—rT)E [max {a)1 (Z,E” - 1<1> @) (Z}Z) - K2> ,0}] . (29)

In the following, we derive the pricing formula for dual-strike option with w; = wp = 1.
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Theorem 7. The price of a European dual-strike option is

+o00
fus = / (1- v @+K) v (1- 9 @+ K ) do (30)
0

LI’(Ti)(x) = sup {¢T (lnxl—elt> A <max (1 — HY (t))
x1x0=x/Z0 aj k>0 k+1
AF® (exp (%) - 1))} i=1,2.
Proof. By the definition of expected value
E [max { (Z(TD — 1<1) , (Z(TZ) — 1<2) ,o}]
- /O+OOM{(Z(T1) K 2x> u (Z(T” — K zx)}dx

+00
:/ M{ZP zx+sa ) v M [ZD 2 x4 Ko
0

=/+°o (1-a{zP <+ sa}) v (1-w|z? <x+ ko)) ax
0

where

- /;oo (1- v @+K) v (1- 9 @+ ) d. (31)

Using (27), we know that

i 1 — et . ¢
\Dg)(x) = sup {CDT (M) A (max (1 —H® ())
x1%2=x/Z0 [ef} k>0 k+1

A FO (exp (%) - 1))} i=1,2.

Hence, the deal-strike option pricing formula is verified. O

Product Options

A product option is an option which is written on the product of two financial assets. Let
Z;D and Z;z) be uncertain jump processes which satisfy (20) and (1). Then, the price of a
European-style product option with strike price K and expiration date T is

f, = exp(—rT)E [max [wZ(Tl)Z(Tz) — Wk, o” , (32)
where w is 1 for a call option and —1 for a put option. In the following, we consider the

product call option.

Theorem 8. The price of a European product option is

+o0
f= f (1 - ¥y(x+K))dx, (33)
0
where
W) = sup W @) A WP (), (34)
X1X2=X

i | — et . ¢
\P(L)(x) = sup o7 i Almax(1-H® [ ——
T
x1%2=x/Z0 o k=0 k+1

AF® <exp (%) - 1))} i=1,2.
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Proof. By the operational law, we can obtain the distribution of Zg})Z;z )

W) = sup W @) A WP (xy),

X1X2=%X

where \IJ§~l ) and \IJ§~2 ) are distribution functions of Z(T1 ) and Z(Tz). Then, by the definition of

expected value,

E[max{Z{PZ ~ K,0}] :/
0

too 1) (2
M {max {Z(T)Z(T) —K,O} > x} dx

oo 12
- / M{ZPZP > 5+ K dx
0
oo D (2
- / (1-{zzP <x+k])ds
0
400
= / (1 —Wy(x+K)) dx.
0
Thus, the product option pricing formula is verified. O
Quotient Options
A quotient option is an option which is written on the ratio of two financial assets. Let

Z;l) and Zt(z) be uncertain jump processes which satisfy (20) and (1). Then, the price of a
European-style quotient option with strike price K and expiration date T is

71

fq = exp(—rT)E | max w% —wK,0; |, (35)
Zr

where w is 1 for a call option and —1 for a put option. In the following, we derive the

pricing formula for quotient call option.

Theorem 9. The price of a European quotient option is

+o0
@:/ (1= Wy + K)) d, (36)
0
where
W, (x) = sup lIf(TD (xy) A (1 - \If;?) ()/)) , (37)
y>0

7@ = sup (o7 ——)A|max|{1-H"|-—F
x1x2=x/Z0o (¢} k>0 k +1
0 on (2) 1) i
k
Proof. By the operational law, we can obtain the distribution of Z (TD /Z @)

W, (x) = sup \IJ(TI)(xy) A (1 — \IJ(TZ)()/))
y>0
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where \I»’(Tl ) and \IJ§~2 ) are distribution functions of Zg} ) and Zg? ). Then, by the definition of
expected value,

7 +00 71
T T
E | max W_K’O =/ M { max W_K’O >x¢dx
Zy 0 Zy
—+00 Z(l)
= / M)~ zx+Kpde
0 Zy
—+00 Z(l)
T
0 Zr
+00
= /0 (1 - Yz + K)) da.
The quotient option pricing formula is verified. O

Conclusions

More realistic stock model should consider jumps in the price process. This paper pro-
posed an uncertain jump process and an uncertain model of multi-asset price with jumps.
Option pricing formulas for European-style dual-strike option, product option, and quo-
tient option were derived. In the future, various other multi-asset options in uncertain

environment can be studied.
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